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Abstract
Low-mass star-forming regions have a lifetime which is greater than  their dynamical 
time and must therefore be, in an average sense, in mechanical equilibrium. The work 
presented here proposes th a t an equilibrium exists between the self-gravity, gas pressure, 
and the magnetic field and the waves it supports. Specifically the equilibrium in the 
direction perpendicular to the ordered magnetic field is given by the Lorentz force, 
while th a t parallel to the field is given by an Alfvén wave pressure force.
The work detailed in this thesis models a low-mass star-forming region as a one­
dimensional gas slab with a magnetic field lying perpendicular to  the layer. Analytical, 
self-consistent models are formulated to study the equilibrium parallel to the back­
ground magnetic field. It is found th a t both short-wavelength (modelled using the 
W KB approximation) and large-amplitude, long-wavelength Alfvén waves can provide 
the necessary support parallel to  the magnetic field, generating model cloud thicknesses 
th a t are consistent with the observations. The effect of damping by the linear process 
of ion-neutral friction is considered. It is found th a t the damping of the waves is not 
a necessary condition for the support of the cloud although it is an advantage. The 
possible sources of these waves are discussed.
The Alfvén waves are also found to make an im portant contribution to the heating 
of a low-mass star-forming region. By modelling the dom inant heating and cooling 
mechanisms in a molecular cloud, it is discovered th a t a cloud supported against its 
self-gravity by short-wavelength Alfvén waves will be hotter a t its outer edge than  in 
the central regions.
These models successfully describe a low-mass star-forming region in equilibrium 
between its self-gravity, the gas pressure and an Alfvén wave pressure force. The 
question of the stability of such an equilibrium is considered, specifically th a t of an 
isothermal gas slab supported by short-wavelength Alfvén waves. The initial results 
suggest th a t the presence of a magnetic field and its associated Alfvén waves have a 
stabilising effect on the layer, and encourage further consideration of the role of Alfvén 
waves in low-mass star-forming regions.
A l f v é n  w a v e s  in  l o w - m a s s  s t a r - f o r m i n g  r e g i o n s  iv
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Chapter 1
Introduction
The story so far:
In the beginning the Universe was created.
This has made a lot of people very angry and been widely regarded as a bad 
move.
Douglas Adams
Molecular clouds are the birth places of stars within our Galaxy. They form stars with 
masses which range from just a ten th  of a solar mass up to fifty solar masses, from 
the cold, dense molecular gas th a t lies between the stars in the interstellar medium. 
A molecular cloud is defined as an astrophysical object which can be observed in its 
brightest line, the rotational transition (J =  1 -  0) of carbon monoxide at a wavelength 
of 2.6 mm (Myers 1999), and its name refers to the fact th a t the main constituent of 
the cloud is molecular hydrogen.
1.1 P rop erties o f  m olecular clouds
M olecular clouds are observed to be very diverse objects with masses and spatial scales
over a range of values. Generally it is possible to separate them  into two different
classes^: giant molecular clouds (GMCs) and smaller complexes sometimes known as
dw arf or dark molecular clouds (DMCs). Giant molecular cloud complexes are vast
objects, containing ~  10  ̂ -  10® M© or more within tens of parsecs (see Table 1.1),
 ̂A third class of molecular clouds is known as the high-latitude clouds (HLCs). These relatively 
small objects are not gravitationally bound, although they may be bound by the external pressure of 
the medium (Myers 1987).
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Table 1.1 : The physical properties of typical giant molecular cloud complexes (GMCs) 
and low-mass star-forming regions (DMCs) (Myers 1987, 1999; Shu et al. 1987).
which form massive stars and star clusters. An example of such a complex can be 
found in Orion, namely the Orion A and B giant molecular cloud complexes, which 
are the closest such objects to us a t a distance of ~  500 pc. These dynamic objects, 
probably assembled and dispersed as they cross the spiral arm s (Shu et al. 1987; Young 
& Scoville 1991; Scoville 1992), are observed to be composed of smaller clumps which 
have physical properties akin to those of the dwarf or dark molecular clouds (Shu et al. 
1987). The smaller cloud complexes contain up to ~  10® M© and have radii of a few 
parsecs (Table 1.1). They form isolated, single stars (rather than  clusters of stars as 
in GMCs) which are low-mass, solar-type objects; hence, throughout this thesis these 
complexes will generally be referred to as low-mass star-forming regions. These regions 
are not observed solely within the spiral arms of the Galaxy. They are likely to exist 
for a period of time greater than th a t taken to bridge the gap between the arms and 
thus have lifetimes >  10® yr (Shu et al. 1987; see also Table 1.1). The most well known 
low-mass star-forming regions are in Taurus which is at a distance of ~  140 pc.
A map of the Taurus molecular cloud complex is shown in Figure 1.1, reproduced 
from Mizuno et al. (1995) (their Figure 2). It shows clearly th a t the structure of a 
molecular cloud is very complicated, containing elements of both a filamentary and 
clumpy nature. The determination of the non-uniform density structure from obser­
vations of molecular clouds is dependent on the molecular line which is used to  map 
the region. This is because each line which is used to probe the cloud is sensitive only 
to  certain densities (e.g. see Myers 1999). The J =  1 -  0 line of ^®C0, which is used 
to  define a molecular cloud, is sensitive to densities of ~  10® m “ ® (~  10  ̂ cm"®); the 
J =  1 -  0 line of ^®C0, used to produce the intensity map in Figure 1.1, can trace 
densities of ~  10®m"® (~  10®cm"®); while densities of ~  10^®m “ ® (~  lO'^cm"®) can be 
probed using for example ammonia (NH3) (Shu et al. 1987; Myers 1999). Thus it is not 
possible to  map all of the elements in a molecular cloud complex — the whole complex,
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Figure 1.1: The Taurus molecular cloud complex mapped in the J =  1 -  0 line of ^®C0 
a t a wavelength of 2.7 mm, reproduced from Mizuno et ai. 1995. Note th a t the longest 
dimension is ~  25 pc (Myers 1999).
the clumps and the cores (as detailed in Figure 1.2) — using ju st one molecular line, 
rather can be used to  reveal the basic structure of the whole complex, while NH3 
can probe the dense cores.
Each molecular cloud complex contains molecules, atomic species, ions, dust grains 
and possibly embedded stars. Over one hundred different types of molecule have been 
observed in the interstellar medium and they are found to be mostly organic compounds 
(Myers 1999). The most abundant molecule is hydrogen (H2). Carbon monoxide 
(^®C0 ) has a fractional abundance, relative to hydrogen, of ju st ru 10“ ^, but it is its 
perm anent dipole moment th a t makes it such a useful observational tool. The fractional 
ionization in molecular clouds, away from the HII regions surrounding embedded stars, 
is very low (~  10“ ®) but very im portant. The ions play a crucial role in the chemistry 
of the cloud, and allow the magnetic field (Section 1.1.1) and neutrals to be coupled 
together by ion-neutral collisions (which is particularly pertinent to  the work reported 
in this thesis). Another constituent of molecular clouds is the dust grains (sometimes




Figure 1.2: A schematic of the structures found in a molecular cloud complex. The 
region is defined as a complex because carbon monoxide maps reveal th a t more than  one 
component within the map has closed contours (see Figure 1.1). These components are 
called ‘clumps’, while the ‘cores’ (or ‘dense cores’) are the star-forming condensations 
(H artquist et al. 1993; Myers 1999).
simply referred to as grains). Some of these solid particles (e.g. silicates) are formed in 
the winds of cool supergiant stars while others, which contain ice, may be condensed in 
the cooler, dense regions of the clouds. It is the dust grains, which are typically ~  0.1//m 
in size, th a t give rise to  the extinction or obscuration of starlight. In low-mass star- 
forming regions the visual extinction into the clouds is typically a few magnitudes, 
increasing to ten magnitudes in the cores; the giant complexes can have extinctions 
far greater than  this (Shu et al. 1987; Myers 1999). It is the extinction of background 
starlight by the dust which lead to the notation ‘dark’ molecular clouds.
The typical tem perature of a low-mass star-forming region is observed to be 10 K 
throughout these clouds (Myers k  Benson 1983; Shu et al. 1987) and hence the sound 
speed is given by
' T
=  I ï ô k J ’
where k s  is Boltzm ann’s constant, T  is the tem perature and m =  2 .3m jj is the mean 
molecular weight (Shu et al. 1987). The fluid velocities (or turbulent velocities) are 
observed from the carbon monoxide line widths to be ~  1 -  3 kms~^ (Myers 1987; 
Myers & Goodman 1988) and are thus supersonic. These velocities (Au) actually 
correlate with the size (R) of the region being observed via a power law. Au a  72" 
where o: ~  0.5 -  0.6 (Larson 1981; Shu et al. 1987 and references therein).
In t r o d u c t i o n
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Figure 1.3: The linear polarisation across the Taurus molecular cloud complex, repro­
duced from M oneti et al. (1984). The dotted lines outline the m ajor condensations in 
the complex. The direction of polarisation is parallel to the magnetic held.
1 .1 .1  M a g n etic  fields
It is possible to observe the line-of-sight magnetic field strength in molecular clouds 
using the Zeeman effect in the lines of hydroxide (OH) (e.g. Crutcher et al. 1993) and 
neutral hydrogen (HI) (e.g. Goodman k  Heiles 1994), and more recently cyanide (ON) 
(Crutcher et al. 1996). The advantage of using OH lines over HI lines is simply th a t 
OH is a molecular species whereas HI is atomic. Thus observations using HI probably 
measure the field in the lower density edges of molecular clouds where there may be a 
greater atomic component; whereas observations of OH, which requires number densi­
ties > 10® m~^ (10^cm~^) to  become excited, perhaps offer a better probe of the whole 
cloud. The molecular lines of CN allow the magnetic field within the dense cores to  be
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studied. See also Crutcher et al. (1993). These observations reveal a typical magnetic 
field strength in molecular clouds of «-v 1 -  10 nT ('^ 10 -  100 fiG) (Shu et al. 1987; 
Myers & Goodman 1988). For example, Crutcher et al. (1993) determined an average 
field strength of 1.6 nT (16//G) in their survey of dark clouds. This compares with the 
average interstellar magnetic field which is found to be ~  0.5 nT (~  5
Significantly, these observations together with polarimetry studies of magnetic field 
structure  (e.g. Moneti et al. 1984; Rao et al. 1998), show th a t the magnetic field is or­
dered on the scale of molecular clouds (Moneti et al. 1984; Goodman k  Heiles 1994). An 
example is given in Figure 1.3 which is reproduced from Moneti et al. (1984) (their Fig­
ure 1). It shows the linear polarisation of background starlight in the Taurus molecular 
cloud complex; the direction of polarisation is assumed to be parallel to the magnetic 
field.
Magnetic field strengths of the order observed within molecular clouds imply an 
Alfvén velocity of
where B  is the magnetic field strength, fi is the magnetic permeability of free space, 
p =  2 .3mf/njy-2 is the mass density (Shu et al. 1987) and 1 1 ^ 2  is the molecular hydro­
gen number density. This shows th a t the observed fluid velocities are supersonic but 
subalfvénic, and th a t the Alfvén mach number is M a  =  ù^v/va  ~  0.2 -  0.7.
1.2 T h e basic equations
The equations of magnetohydrodynamics (MHD) offer a clear description of the inter­
action between a plasma, which is an electrically conducting fluid, and a magnetic field; 
and as such have proved invaluable in the study of magnetic fields in s ta r formation. 
The MHD equations are built up from the combined influences of electromagnetism 
(Maxwell’s equations and Ohm ’s law) and fluid mechanics, and they trea t the medium 
under consideration as a continuous plasma, i.e. there are no individual particles. For 
a description of the formulation of the basic equations of magnetohydrodynamics refer 
to, for example. Priest (1982).
To be able to use a magnetohydrodynamical approach for the study of molecular 
clouds there are two main criteria th a t need to be satisfied. Firstly, the Debye length^
^Locally within a plasma there will be a slight charge imbalance which will result in an electric field. 
This field has a length-scale which is given by the Debye length (Ad ).
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{Xd ) must be much less than other length-scales of interest within the cloud (Al), 
i.e. Ad <C Al — it is this criteria th a t defines a plasma. The Debye length is given by
(e.g. Priest 1982), where cq =  8.85 X 10“ ^̂  F  m"^ is the perm ittivity of free space, 
kB =  1.38 X 10~^^ J K"^ is Boltzm ann’s constant, T  is the tem perature, n is the charge 
density and e =  1.60 X 10“ ®̂ C is the elementary charge. For values typical of low-mass 
star-forming regions, T  ~  10 K and n  ~  10^ m~®, this takes a value of Ad % 7 m. The 
typical length-scale in a molecular cloud is Aj, ~  0.1 pc ~  10 ®̂ m and thus the condition 
th a t Ad <C Ad is easily satisfied. The second criterion is th a t the speeds (F) in the cloud 
are non-relativistic, th a t is V <C c, where the speed of light is c =  3 X 10® ms~^. From 
the discussions of typical cloud properties given in the previous section, the velocities 
can be estimated as F  < 5 X 10® m s“  ̂ <C c, as required.
Molecular clouds are known to contain neutral species (which make up the bulk of 
the mass), ions, electrons and charged and neutral grains. The electromagnetic forces 
act directly on the charged components of the gas — the ions, electrons and charged 
grains — and it is the drag between the neutral and charged constituents th a t transm its 
these forces to the neutral species. For simplicity the grains are neglected® which leaves 
a three-fluid system for the neutrals (n ) , electrons (e) and ions ( i) . This system can be 
further reduced to a two-fluid set of MHD equations by treating the ions and electrons 
as a single fluid, the plasma. This is an excellent approximation given th a t the relative 
speed of the electrons and ions th a t is required to maintain the observed magnetic field 
is just {vi — Ue) ~  10"^ -  10"® ms~^, much less than the typical velocities observed in 
low-mass star-forming regions (Mouschovias 1991).
By a simple length-scale argument it can be shown th a t the magnetic field is ‘frozen’ 
to the charged species; the electrons and ions are free to  travel along the field lines, 
but otherwise (perpendicular motions) the magnetic field and charged species move as 
one. The dimensionless param eter known as the magnetic Reynolds number,
Æ» =  ^  , (1.4)
where rf ~  ll{(j,cr) is the magnetic diffusivity, p. — At  x  10"^ H m “  ̂ is the magnetic 
permeability and a is the electric conductivity, indicates whether this frozen-fiux theo­
rem is indeed valid. If Rm >  1 then the molecular gas is a perfectly conducting fluid,
^The grains can nevertheless play an important role in the interiors of molecular clouds, particularly 
in the chemistry of these regions and as possible agents for heating or cooling the gas (Dyson &; 
Williams 1997).
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any diffusion being negligible, and the magnetic field is frozen to the charged species. 
In a  low-mass star-forming region Ad ~  10̂ ® m, F  10® m s"^ say, and the electric 
conductivity is given by
=  (1.5)
rUe l^ei
(Mouschovias 1991 and references therein), where Ue is the number density of the 
electrons, is the electron mass and z/g, is the collision frequency of the electrons 
with the ions. For a typical tem perature of T ~  10 K, the magnetic Reynolds number 
is determined to be Rm ^  10®® >  1 as required (see also Mouschovias 1991).
A broad picture of the physics in a molecular cloud, within the two-fluid description, 
suggests th a t the neutral species would affect the plasma through the gravitational field 
(which is generated by the far more numerous neutral species) and collisions, while the 
plasma affects the neutrals solely through collisions (ion-neutral drag). In more detail 
this picture is altered by the microscopic processes of ionization and recombination 
which allow there to be a mass and momentum exchange between the plasma and neu­
trals. This more accurate picture gives the two-fiuid magnetohydrodynamic equations 
(Mouschovias 1991) as: the equation of mass continuity for the plasma
^  +  V • (piVi) =  (1.6 )
and for the neutrals
^  + ^ - { P n V n )  = -Si -,  (1.7)
the equation of motion for the plasma
^  (piV i) +  V . {piViVi) =  - 2 V P i  +  (B . V) ® -  V -  piV<f, +  Fin +  (1.8)
and for the neutrals
(Pn^n) 4" V ' i^Pn^n^n) ~  P n ^ ^  Fin Finel | (1.9)
the induction equation for a perfectly conducting fluid
^  =  V X (vi X B) ; (1.10)
Poisson’s equation
V ®0 =  47rG'pn; (1.11)
and the isothermal gas pressures
P i =  p i c f  (1 .1 2 )
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and
Pn — Pn^n ' (1.13)
Note th a t the plasma quantities have been denoted by a subscript i and the neutral 
quantities by a subscript n. W ithin these equations p is the mass density, v  is the 
velocity, S{ is the net rate at which the plasma density is increased by microscopic 
processes, P  is the pressure, B is the magnetic field, <j) is the gravitational potential. Fin 
and Finei are the frictional forces on the ions due to the neutrals and the microscopic 
processes respectively, G  is the gravitational constant and c is the isothermal sound 
speed. For expressions for 5";, Fin and Finei refer to Mouschovias (1991). The equations 
of sta te  (Eqs 1.12 and 1.13) reflect the assumption th a t the molecular gas is isothermal, 
a good approximation which is justified by the observations of low-mass star-forming 
regions (Section 1.1). (Note th a t this assumption replaces the MHD energy equation 
(Priest 1982).) Given the predominance of the neutrals over the plasma (pn >  P i )  it 
is possible to neglect some of the term s in the above equations. Firstly, given th a t the 
plasma and neutrals are assumed to  be a t the same tem perature, the pressure of the 
plasma (Pi) may be discarded in Eq. (1.8); and secondly, the microscopic processes 
have very little influence of the mass of the neutrals, allowing S{ =  0 in Equation (1.7).
To be able to reduce these equations to a one-fluid system the ambipolar diffusion — 
the diffusion (motion) of the plasma relative to the neutrals — needs to  be considered. 
P u t simply, if the ambipolar diffusion is negligible so th a t V{ ~  Vn then the molecular gas 
can be treated as a single compressible fluid. This can be considered to be the case if the 
ambipolar diffusion time-scale is greater than other time-scales of interest. The one-fluid 
equations are particularly useful for the study of large-scale (long-wavelength) processes 
which allow the relatively high-frequency (short-wavelength) plasma phenomena to be 
ignored, i.e. assuming charge neutrality (Mouschovias 1991). Under these assumptions 
a low-mass star-forming region is described by the magnetohydrodynamic equations, 
for a fluid with a  frozen-in magnetic field, viz: the equation of mass continuity
+  V • (pv) =  0 , (1.14)
the equation of motion
dv
P - ^  +  P (v . V) V =  -  V P  +  j  X B -  pV(f>, (1.15)
the induction equation (frozen-in magnetic field)
dB
=  V X (v X B) , (1.16)
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Poisson’s equation
=  47tGp  (1.17)
and an isothermal equation of state
P  =  pc® , (1.18)
where the gravity is defined as g =  —V0. In the equation of motion (Eq. 1.15) the
current density (j) is described by Ampere’s law
j  =  V x 5  (1 .1 9 )
which allows the Lorentz force (j x B) to be written as
j x B  =  ( B . V ) 5 - v g ) .  (1.20)
Note th a t the first term  on the right-hand side of the above equation is the magnetic 
tension force, while the second term  is the magnetic pressure force.
This is the set of equations which will be used throughout the subsequent chapters 
to  describe the role of Alfvén waves in low-mass star-forming regions. The justification 
for adopting these single-fluid MHD equations, by neglecting the ambipolar diffusion, 
will be given a posteriori (see Section 1.4).
1.3 T he need  for cloud support
G iant molecular clouds, such as the Orion nebula, are far from equilibrium. In contrast, 
isolated low-mass star-forming regions, for example Taurus, and the clumps in giant 
cloud complexes must be near mechanical equilibrium as they have a lifetime which is 
greater than  their dynamical time. They are also observed to have a mass greater than 
their Jeans mass but are not found to be collapsing.
Consider firstly the time-scales in a  self-gravitating molecular cloud. The free-fall 
collapse (dynamic) time-scale is given by
Stt
where p is the mass density and G is the gravitational constant; for a typical number 
density of 10® m~® (~  10® cm"®) this yields ip  ~  10® yr, much less than  the
expected lifetime of a low-mass star-forming region. However, as the cloud is threaded 
by a magnetic field the ambipolar diffusion time-scale also needs to be considered. This
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is the time-scale a t which the neutral particles would fall through the magnetic field 
and charged particles, and is given by
tAD =  , (1 .22)
where L  is the characteristic length-scale of the magnetic field and is a diffusion 
coefficient. The ratio of this diffusion time-scale to the dynamical time-scale may be 
approxim ated by the expression
where 7  is a drag coefficient and C is a weak function of the gas tem perature (see also 
Section 1.4) (Shu 1983; Shu et al. 1987). Hence, it can be seen th a t the diffusion time- 
scale, being in order of magnitude t^D ~  lO^yr, is slower than th a t for free-fall collapse 
but still less than  the lifetime of a low-mass star-forming region which is ~  10® yr or 
more.
Secondly, consider the Jeans mass M j  — the critical mass a t which the internal gas 
pressure is no longer sufficient for hydrostatic support and the cloud will gravitationally 
collapse — which is given approximately by the expression
where kp  is Boltzm ann’s constant, T  is the tem perature and fh is the mean molec­
ular weight. For a typical tem perature and number density of 10 K and 10® m~® 
(~  10® cm"®) respectively, this gives M j  ^  3 M@, clearly implying th a t in typical 
low-mass star-forming regions M j  <  Mdoud and the cloud should, in the absence 
of other influences such as turbulence or magnetic fields, be undergoing free-fall col­
lapse. However, if all such clouds within the Galaxy were in a s ta te  of free-fall collapse 
then the predicted star formation rate  (SFR) would be larger than the actual rate, of 
~  3 -  5 yr"^, by a factor of ~  10 -  100 depending on the amount of mass assumed
to be contained within these clouds (see also Zuckerman & Palmer 1974; Field 1978; 
Shu et al. 1987).
Having shown explicitly th a t low-mass star-forming regions have both a lifetime 
greater than  their dynamical time and a mass which is greater than  their Jeans mass, 
attention needs to be given to the mechanism by which these clouds are supported 
against their own gravity.
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Figure 1.4: The mass density profile of an isothermal gas slab in equilibrium between 
its gas pressure and self-gravity, plotted for a column density A4 =  10“  ̂ kgm “  ̂ and a 
tem perature T  =  10 K.
Gravity versus gas pressure
If the mechanical equilibrium of a self-gravitating cloud is determined solely by the 
internal gas pressure and gravity then the equilibrium equation would be
V f  =  p g , (1.25)
where f  is the gas pressure, p is the mass density and g is the gravitational acceleration. 




which together with the self-gravitation equation (Eq. 1.17)
^ =  4îtG/9 ,dz
(1.26)
(1.27)
where z is the height above the central plane and G is the gravitational constant, can 
be used to determine the density profile of the layer. By eliminating the gravity (</) 
between Equations (1.26) and (1.27) and then integrating, the density profile is shown 
to be
 ̂ (1.28)^  =  s e c h ^ f 4
(Spitzer 1968), where po is the density a t the central plane {z — 0), H  = (?j{'kGAA) is a 
scale-height and A4 is the column density; such a density profile is plotted in Figure 1.4.
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For a typical low-mass star-forming region the column density is given by
- 2  fAl =  3 . 8 x l 0 - ^ k g m - M ^ ^  — ^  , (1,29)
10® m“ ^ /  \ 0 .2 k m s “ ^
where riff^ is the number density of hydrogen molecules, and thus the scale-height 
becomes
i r  =  0.16 pc ( ^ 0 9 ^ - 3)  ( o .2 km s- 0  ■
The thickness of the gas layer can be defined as twice the height a t which the mass 
density has fallen by a factor of e from its central value, i.e. 2 x z{p/po ~  1/e). From this 
definition, Equation (1.28) reveals th a t the isothermal gas layer would have a thickness 
of ~  2 f f  (~  0.35 pc). This calculation suggests th a t the isothermal layer would be 
akin to a ‘flattened pancake’'̂ , which is inconsistent with observations of low-mass star- 
forming regions (Myers 1987; Shu et al. 1987).
In conclusion, all of the evidence presented here — the lifetime being greater than 
the dynamical time, the mass being greater than the Jeans mass and the solution for 
an isothermal layer (Spitzer 1968) — clearly indicates the need for some additional 
support against the self-gravity of a low-mass star-forming region. This support would 
act to  hinder gravitational collapse and hence a flattened pancake morphology.
1 .3 .1  C an d id ates for th e  su p p o rt
There have been many candidates for the additional support discussed by various au­
thors over the years. These include rotation (Field 1978), internal cloud hydrodynamic 
turbulence (Bonazzola et al. 1987, 1992), turbulence via stellar outflows (Norman & 
Silk 1980; McKee 1989), and magnetic fields and the waves which they support (Arons 
& M ax 1975; Shu et al. 1987; Fatuzzo & Adams 1993; McKee k  Zweibel 1995; Gammie 
k  Ostriker 1996). Of these, magnetic fields offer a great deal of promise. Observations 
show them  to be ordered on the scale of molecular clouds (see Section 1.1.1), suggesting 
th a t they are indeed dynamically significant. In addition, typical observed velocities 
show th a t a low-mass star-forming region is a low-/? environment — where the plasma 
beta  (/?) is defined as the ratio of the gas pressure to the magnetic pressure — with 
fluid velocities th a t are supersonic but subalfvénic (Section 1.1).
^It is important to note that this description of a low-mass star-forming region would also ap­
ply to more realistic geometries since the magnetic held threading the cloud would provide support 
perpendicular to its direction via the Lorentz force (see also Section 1.3.1).
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It is difficult for supersonic turbulence to explain these line widths or indeed to pro­
vide support for the cloud in the form of a turbulent pressure as it is highly dissipative; 
the fluctuations would need to be replenished on very short time-scales (e.g. see Field 
1978; Shu et al. 1987). In contrast, magnetic fields and the hydromagnetic waves they 
support are not easily dissipated. Any disturbance within the cloud would generate 
magnetohydrodynamic (MHD) waves, but Zweibel & Josafatsson (1983) showed th a t 
the longest lived mode is an Alfvén wave propagating parallel to the magnetic field; 
while the short-wavelength compressional waves, which propagate perpendicular to the 
field, are damped closest to the source. Further evidence as to the importance of the 
magnetic field and MHD waves in molecular clouds comes from the line-width-size rela­
tion. Observations of carbon monoxide (CO) line widths, which correspond to superson­
ic turbulence, have shown th a t they correlate with the size of the region being observed.
This correlation has been empirically determined to be a power law, i.e. A v  cx (Lar­
son 1981), where R  is the radius of the observed region and a  ~  0.5 -  0.6 (Shu et al.
1987 and references therein). This relation has been explained by the presence of hy­
dromagnetic waves in the clouds (Arons k  Max 1975; Mouschovias k  Psaltis 1995). |
Indeed, Mouschovias k  Psaltis (1995) show th a t a large-amplitude, long-wavelength t
Alfvén wave gives a line-width-size relation I
A r . l . 4 k m s " ( ^ ) ' ( ^ ) '  (1.31) j
which is in excellent agreement with the observational result. |
The structure of molecular clouds has been observed to be very clumpy, with conden- |
sations forming over a wide range of spatial scales (e.g. Falgarone k  Puget 1986). This |
s tructure has been considered with respect to the magnetic waves propagating within 
these clouds (Elmegreen 1990, 1997), particularly those compressive modes which dissi­
pate rapidly by steepening into shocks (Zweibel k  Josafatsson 1983). Elmegreen (1990, j
1997) finds th a t some of the cloud substructure may be explicable by the non-linear j
damping of hydromagnetic waves. I
The work in this thesis follows the proposal th a t a low-mass star-forming region is |
supported against its self-gravity by the gas pressure, the magnetic field and the waves 
it supports. In particular, the molecular gas is supported perpendicular to  the ordered 
magnetic field by the Lorentz force (see Section 1.3.1) and parallel to the field by Alfvén 
waves which would act on the background gas like a pressure force (Dewar 1970).
Shu, Adams k  Lizano (1987) concluded in their review article th a t Alfvén waves 
were able to provide support along the magnetic field, particularly if the fluctuating 
component of the field (giving the Alfvén wave) was of a similar magnitude to the





Figure 1.5: The time-averaged profiles of mass density generated by Alfvén wave prop­
agation in a thermally supported slab, reproduced from Fatuzzo & Adams (1993). The 
solid line is the profile of the unperturbed state , while the dashed lines represent an 
increase in the amplitude of the Alfvén wave from a -  c.
background held, i.e. SB ~  B q] this corresponds to the huid velocities being of a 
similar magnitude to the Alfvén velocity (Au ~  u^). Following on from this Fatuzzo 
& Adams (1993) considered Alfvén wave propagation in a thermally supported slab 
(see Section 1.3). They found th a t these waves are a viable candidate for supporting a 
cloud even in the absence of damping, which they took to be by the linear process of 
ion-neutral friction (see Section 1.4 for further discussion of this process). Figure 1.5, 
reproduced from Fatuzzo & Adams (1993) (their Figure 7), shows th a t as the amplitude 
of the Alfvén waves increases they are able to displace and support larger masses away 
from the equilibrium state . In addition, Fatuzzo &; Adams (1993) considered the effect 
of magnetoacoustic waves in a magnetically supported gas slab; a slab supported in the 
direction perpendicular to the held lines by the Lorentz force. Here they found th a t 
the waves actually compressed the equilibrium state , although the overall effect was 
minimal compared to the magnetic support. McKee k  Zweibel (1995) generalised the 
Fatuzzo & Adams (1993) result for the Alfvén waves. They considered waves which 
had a short-wavelength when compared to the length-scale of the background medium, 
i.e. the WKB approximation (see Appendix A), and found th a t in a steady sta te  the 
wave energy density is proportional to the square root of the mass density. Thus the 
Alfvén wave pressure supporting the cloud could be written as the polytropic equation
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of sta te
Py;(r) (X (1.32)
where Pyj is the wave pressure and p is the mass density. However, this result was 
determined by neglecting the self-gravity in the equations. The papers discussed so far 
(Shu et al. 1987; Fatuzzo & Adams 1993; McKee & Zweibel 1995) all approached the 
question of wave support from an analytical point of view. In contrast, Gammie &; Os- 
triker (1996) performed self-consistent numerical simulations of magnetohydrodynamic 
waves in molecular clouds. They adopted a slab symmetry with an isothermal equation 
of s ta te  and self-gravity but neglected the damping of the waves by ion-neutral friction. 
The simulations concluded th a t large-amplitude (Au ~  u^) waves could support the 
model clouds against self-gravity.
Support perpendicular to the m agnetic field
It has been understood for many years th a t the static magnetic field can support clouds 
in the direction perpendicular to  itself via the Lorentz force (Eq. 1.20). The extent of 
the support perpendicular to the field can be described in term s of a critical mass 
(Merit) above which the magnetic support would fail and the cloud would undergo 
gravitational collapse. This mass,
M . .  =  5 x l O = M e ( ^ ) ' ( ^ ) ' \  (1.33)
where B  is the magnetic field and is the number density of protons, is determined 
from calculations of the equilibria of isothermal, self-gravitating clouds with a frozen-in 
magnetic flux (Mouscliovias & Spitzer 1976; Mouschovias 1995).
1.4 A lfven  w aves in w eakly ionized m edia
Zweibel & Josafatsson (1983) concluded th a t the longest lived wave mode in a  molecular 
cloud is a (shear) Alfven wave propagating parallel to the magnetic field. Such waves 
are transverse in nature, meaning th a t the velocity perturbation associated with the 
wave (v) is perpendicular to the direction of propagation (k), i.e. k  • v  =  0. They 
are incompressible (V * v) and are driven by the magnetic tension force (see Eq. 1.20). 
Generally, the (shear) Alfven wave has a phase speed
‘̂  = vaco s6b , (1.34)
where to is the frequency, k is the wavenumber, va is the Alfven speed and $b  is the
angle of propagation with respect to the magnetic field, which for parallel propagation
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(Oq =  0) is simply equal to the Alfven speed. Differentiating this expression (Eq. 1.34) 
with respect to the wavenumber gives the group velocity, which is the velocity a t which 
information (energy) is transm itted; this too is equal to the Alfven velocity (u^). Finally 
it can be noted th a t the ratio of the magnetic energy (6^ /2//, where h is the magnetic 
field perturbation) to the kinetic energy {pv^/2) in an Alfven wave is equal to unity. 
For a more detailed look at the Alfven wave see, for example. Priest (1982).
A low-mass star-forming region is a weakly ionized environment, the mass of the 
ionized part being rv 10“ ® th a t of the neutral mass. However, the Alfven waves acting 
to  support the cloud will only act directly on the charged component. Thus in order 
for the cloud to  be supported as a whole there needs to be very good coupling between 
the ions and neutrals within the cloud. If this were not the case the electric component 
of the cloud would still be supported but the neutral mass (by far the greater part 
of the cloud) would not, hence giving the cloud a flattened pancake morphology (as 
in Section 1.3). This coupling is provided by the friction exerted on the ions by the 
neutrals, which is given by the expression
fn— — PiPn'K (Vt '^n) ; (1.35)
where pn and v^, Vn are the mass densities and velocities of the ions and neutrals 
respectively, and 7 =  3.5 X 10^^ cm ^g“  ̂s“  ̂ is a drag coefficient (Draine et al. 1983; 
Shu et al. 1987).
Consider the two-fluid magnetohydrodynamic equations (Eqs 1.6 -  1.13), neglecting 
the effects of the microscopic processes but retaining the friction on the ions due to 
the neutrals. In a slab geometry (all of the gradients being in the z-direction) with the 
magnetic field described by
B =  P q z  -b 6(z ,t) X,
where B q is the static  field and b{z, t) is an Alfvénic perturbation (perpendicular to 
Hq), the  equations reduce to the equation of motion for the plasma (Eq. 1.8)
the equation of motion for the neutrals (Eq. 1.9)
d'v
Pn ~ ô f  ~  Pn + png -  ^n-^i , (1.37)
the induction equation (Eq. 1.10)
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the  self-gravitation equation (Eq. 1.11)
^  =  4:TrGpn (1.39)
and the equation of s ta te  P„ =  PnC^i where c is the isothermal sound speed. Once again 
the plasma quantities have been denoted by a subscript i and the neutral quantities by 
a subscript n. In the above equations the mass density is p(z), the Alfvénic velocity 
perturbation is u(z, t ) x  and the gravitational acceleration is g =  —g{z)z.  The equations 
of motion (Eqs 1.36 and 1.37) can be averaged over time, for waves which have periods 
less than the free-fall time (Eq. 1.21), to give
+  Pig (1.40)
\  / 
and
0 =  ~V P n  -j-Png . (1.41)
These expressions are subtracted from Equations (1.36) and (1.37) respectively, to leave 
the equations of motion for the Alfven waves,
dv{ B o d h
and
Pn =  P iP n l  (V; -  Vn) • (1.43)
If the wave motions are assumed to be of the form exp (i {kz — wit)), where k  is the
wavenumber and w the angular frequency, then Equations (1.42) and (1.43), together
with the induction equation (Eq. 1.38) become
- iup iV i ~  —  ikb ~  pipn'y {vi -  Vn) , (1.44)
i üjpj iVf i  — P iP n l  T̂i) (1.45)
and
—iub = Boikvi (1.46)
and can be used to determine the dispersion relation, viz:
where v^i =  P q /v T w  is the ion Alfven speed.
The extent of the coupling between the ions and neutrals within the cloud is de­
pendent upon the wave frequency w, for which there are two limiting cases:
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(a) w >  p*7 ; w >  Pn?
From Equation (1.45) it can be seen th a t
which in this limiting case shows th a t <  Vi and hence the neutrals are not well 
coupled to the ions.
(b) w <  p ;7
In contrast this limit implies, by Equation (1.48), tha t % V{ and hence the cou­
pling between the neutrals and ions is very good, allowing the MHD waves to support 
the cloud as a whole. In this limit, where there is no difference between the mean 
velocity of the ions and tha t of the neutrals, the assumption th a t the ambipolar dif­
fusion is negligible and hence th a t the one-fluid MHD equations are valid, is justified 
(Section 1.2).
Comparing these two limits the maximum value the wave frequency can take, while 
still allowing some coupling between the electric and neutral components of the molec­
ular cloud, is
^max ~  Pi1 ~  Pn^'l ; (1.49)
where ^ is the ionized mass fraction. For a cosmic-ray ionization rate  of (  =  10"^^ s“  ̂
this takes a value of
^ =  g  =  4 . 8 4 x l O - ( A ) - ^  (1.50)
using pn — (Shu et al. 1987; Mouschovias 1995) and pi =  C y ^ ,  where for
average metal depletions and low tem peratures C — S x  10“ cm“  ̂g& (Elmegreen 
1979; Shu et al. 1987). The maximum wave frequency gives a  minimum wave period of
^  ( ï ô 5 ^ )
and so waves which have a period much less than  10  ̂yr do not contribute to  the Alfven 
wave support of the whole cloud, regardless of the degree to which they are damped.
It is im portant to note explicitly the dependence of this wave period on the ion­
ization fraction of the cloud; Tmin (X 6"^ oc (Elmegreen 1979). The value
adopted for the ionization rate in Equation (1.50) gives a very low ionized mass frac­
tion which is thought to be typical in these clouds (Shu et al. 1987; H artquist & 
Williams 1995). However, the value of Tmin can be affected by a variation in the 
cosmic-ray ionization rate  (Farquhar et al. 1994) as well as embedded or external
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sources of ultraviolet or x-ray radiation (Gredel et al. 1989; Le Bourlot et al. 1993; 
Tiné et al. 1997; Yan & Dalgarno 1997) depending upon the location and point of 
evolution of the cloud (Hartquist et al. 1993). Such sources yield x-ray dominated 
regions (XDRs) (e.g. Tiné et al. 1997) and photodissociation regions, or photon domi­
nated regions (PDRs) (e.g. Le Bourlot et al. 1993) in which the ionization rate may be 
substantially increased. For example, an ionization rate of (  =  10"^^ s~^ (Tiné et al. 
1997), for typical number densities of ^  10^ m~^, reduces the minimum wave period 
(rmin) to 10^ yr.
Considering these waves still further leads to the introduction of a maximum wave 
period the wavelength of the MHD wave must be less than the size of the cloud
given th a t the fundamental mode must have a wavelength of th a t order, and also 
because such a long wavelength would offer only very little support to the gas. Thus, 
T m a x  -  R c/ v a  IS giveii by
w  =  1.07 X 10« yi' ( ^ )  ( - ^ )  ( 109^ - 3 )  '
where Rc is the radius of the cloud and va is the Alfvén speed of the neutrals and ions 
together which is given by (Eq. 1.2)
Va  =  4.55 km s~^ f  ^  \  f
10 n T / vlO® m~^
Alfvén waves with periods in the range (Eq. 1.51) to Tmax (Eq. 1.52) and speeds 
Va  (Eq. 1.2) will have wavelengths of the order 0.1 -  Ipc . Such waves are the longest 
lived modes in a molecular cloud (Zweibel & Josafatsson 1983).
In the limit where there is good coupling between the ions and neutrals (case (b)) 
the dispersion relation (Eq. 1.47), using a Taylor series expansion, becomes
where va — P o /VP’iPi +  Pn)- Thus it is possible to define a damping rate, for a wave 
to  damp by a factor e, as
where k{ is the imaginary term  in the dispersion relation. Given th a t the ionized mass 
fraction is so small (Eq. 1.50) the damping rate can be written as
' 4 6
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to  a very good approximation. In terms of the wave period (r) and the molecular
hydrogen number density this param eter has a value of
r  =  9.61 X 1 0 -  y r -  ( i )  "  , (1.56)
corresponding to a damping time of
! ,  =  -  =  1 . 0 4 X 1 0 ^ * 7 ^ ;
and a damping length of
'  =  - a U  =  4.84 X 10-^ PC ( ^ )  . (1.58)
It can be observed from Equations (1.52) and (1.57) th a t the time-scales of interest in 
a low-mass star-forming region supported by an Alfvén wave pressure are shorter than 
the ambipolar diffusion time tad ~  lO’̂ yr (Section 1,3). This means th a t the ambipolar 
diffusion can be neglected and th a t the single-fluid magnetohydrodynamic equations 
are valid when considering the wave support of a low-mass star-forming region.
The ion-neutral friction relied upon to couple the two components of the cloud is 
also a linear process acting to dampen the magnetohydrodynamic waves propagating 
through the cloud. O ther processes which can dampen the Alfvén waves include two 
basic non-linear mechanisms: the steepening of the waves into shocks and the coupling 
of the waves to acoustic modes, which dissipate rapidly (Zweibel & Josafatsson 1983). 
However, Zweibel & Josafatsson (1983) suggest th a t the most effective damping mech­
anism is non-linear steepening of the waves into shocks, caused by the wave magnetic 
pressure gradient, followed by linear ion-neutral friction. For waves which propagate 
parallel to the unperturbed magnetic field the damping rate for this non-linear effect 
is found to be
^NL  =  ----2— (1.59)
(Zweibel & Josafatsson 1983), where Au is the turbulent fluid velocity. This corresponds 
to  a damping length of
( i i i l r ) ’ ( l i f e )  ( n ^ ) " ’
for typical param eters within this study. Now the non-linear damping process will 
completely dom inate the  linear process if Ij<;l  <  I. This is generally not the case for 
realistic fluid velocities (e.g. see Myers & Goodman 1988 and references therein) and so 
the damping within this model is taken to be solely by the linear process of ion-neutral 
friction.
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1 .4 .1  T h e  s o u rc e  o f  t h e  w a v e s
The required efficiency of the ion-neutral coupling results in a minimum period for 
waves supporting the cloud of ~  10  ̂yr for a typical ionization fraction. Which source 
within a low-mass star-forming region could generate waves of this period? Of course, 
any motion not parallel to  the direction of the unperturbed magnetic field will generate 
waves, but consider in turn: an expanding HII region (Arons &: Max 1975); and the 
orbital motions within the gas as a whole, namely, large-scale (Falgarone & Puget 1986) 
or protostellar condensations (Arons & M ax 1975).
The first of these possible sources, the Stromgren sphere, is unlikely to prove viable 
within the environment under consideration here as these molecular clouds produce 
low-mass stars which are not strongly ionizing. In addition, this source would only 
be available in clouds with embedded stars and thus could not provide support for a 
quiescent cloud which had not yet formed any stars.
Secondly, consider the orbital motions of the clumps and cores (Hartquist et al. 
1993) within the cloud. Kepler’s th ird law states th a t
where t k  is the period, G  is the gravitational constant, M  is the mass and R  is the 
orbital radius. Larson (1981) first showed there to  be a correlation between the observed 
mass densities and sizes of molecular clumps, which states approximately th a t
Mclump   f  Rclump ^
100M© “  V I p c  y  ̂ )
(e.g. see Falgarone & Puget 1986) and allows Equation (1.61) to be written
t k  =  9.37 X 10'" yr ( ^ ^ ^ )  '  . (1.63)
Hence for large-scale condensations within a molecular cloud Rdump ~  0.1 pc say, the 
period is t k  ~  3 X 10® yr, which is greater than the calculated minimum period of 
10® yr and thus represents a viable source for the waves providing the support. 
Decreasing the size of the clump down to the typical size of a protostellar core, 1 M© 
in 100 AU say, reduces the period to ju st ~  10  ̂yr. This would appear to suggest th a t 
the orbital motions of cores do not represent a useful source if the ionization fraction 
is given by Equation (1.50). However, if the ionization rate is increased, say by an 
embedded star within the core (as discussed above), then these cores could act as an 
additional source for the Alfvén waves.
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1 .4 .2  T h e  d e t e c t i o n  o f  A l fv e n  w a v e s
In a recent paper Charnley (1998) considers the possibility of detecting Alfvén waves in 
molecular clouds by using molecular spectroscopy. Alfvén waves with frequencies higher 
than those used to support the cloud do not result in very good coupling between the 
ions and neutrals (case (a) above) and hence there will be some degree of ambipolar 
diffusion (ion-neutral drift). This drift may play a significant role in the chemistry 
of the cloud, producing spatial variations in some molecular abundances (Charnley 
1998). Charnley (1998) considers the affect of these Alfvén waves on the deuterium 
chemistry of the molecular cloud and discovers effects th a t may be observable via 
spectroscopy. Indeed Charnley & Butner (private communication) have detected the 
predicted variations of the N2D + /N 2H+ molecular abundance ratio in one dark cloud.
1.5 A im s
This introduction has dem onstrated the need for some additional support against the 
self-gravity of low-mass star-forming regions and presented a strong case for th a t sup­
port to  be provided by magnetic fields and the waves they support. In summary, the 
fields are observed to be ordered on the scale of molecular clouds with field strengths 
of ~  1 -  10 nT (~  10 -  100//G). It is well known th a t the Lorentz force associated with 
this field is able to support the cloud in the direction perpendicular to  the magnetic 
field (Mouschovias & Spitzer 1976). The Alfvén wave which propagates parallel to 
the field is the longest lived mode in a molecular cloud (Zweibel & Josafatsson 1983); 
other, compressional modes dissipate rapidly, as do waves which have velocities greater 
than  the Alfvén velocity (McKee & Zweibel 1995). The properties of the observed 
turbulence correspond to  magnetic support (Shu et al. 1987), indeed large-amplitude, 
long-wavelength Alfvén waves give a line-width-size relation which is in good agreement 
with observational values (Arons & M ax 1975; Mouschovias & Psaltis 1995).
The aim of this thesis is to  study, in a self-consistent manner, the role th a t Alfvén 
waves play in supporting a low-mass star-forming region against its self-gravity parallel 
to  the ordered magnetic field. To facilitate an analytical approach to this work a 
low-mass star-forming region is modelled as a one-dimensional gas slab. In C hapter 2 
an equilibrium model is developed to ascertain the ability of short-wavelength (WKB 
approximation) Alfvén waves to support an isothermal gas slab. Initially, the waves 
are assumed to  originate in a central source plane and subsequently, according to a 
density-dependent source function. Having established the viability of wave support. 
C hapter 3 considers what effect this may have on the thermal equilibrium of a low-mass
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star-forming region; do the Alfven waves which support the cloud play a significant 
role in heating the gas? In Chapter 4 the WKB approximation is neglected, allowing an 
equilibrium model to be developed which considers the part played by long-wavelength 
Alfvén waves in supporting an isothermal gas layer. Finally, Chapter 5 undertakes a 
preliminary analysis of the stability of a wave-supported molecular cloud. The work 
is summarised and conclusions drawn in Chapter 6 , which also briefly notes possible 
avenues for future investigations of Alfvén waves in low-mass star-forming regions.
Chapter 2
A  W K B  m odel o f  
A lfvén wave support
Sometimes I  think the surest sign that intelligent life exists elsewhere in the 
Universe is that none of it has tried to contact us.
Bill W atterson
The observational and theoretical evidence presented in Chapter 1 clearly indicates 
the importance of magnetic fields in the dynamics of low-mass star-forming regions 
and the role these fields need to play in determining the mechanical equilibrium of a 
cloud. Perpendicular to the ordered magnetic field a low-mass star-forming region is 
supported against its self-gravity by the Lorentz force (see C hapter 1, Section 1.3.1 
for further discussion) and it is proposed th a t parallel to the field the support is pro­
vided by the gas pressure together with an Alfvén wave pressure force. This chapter 
presents an analytical self-consistent model describing such support. In particular the 
following analysis considers the role of short-wavelength Alfvén waves in determining 
the mechanical equilibrium of a cloud by utilising a WKB approximation.
2.1 T he m odel
W ithin this study a low-mass star-forming region is modelled as a one-dimensional 
slab where the gravity, which acts to collapse the cloud, is opposed by the internal gas 
pressure and the Alfvén wave pressure force (see Figure 2 .1). In this first approach it is 
assumed th a t the Alfvén waves are emitted from the innermost part of the cloud, the 
wave sources being located in the central plane.
25
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Figure 2.1: A representation of the model showing the Alfven wave pressure force and 
the gas pressure counteracting the gravity.
All of the gradients are in the z-direction, the central source plane being a t z =  0, 






g  =  - g { ^ )  z
V =  v(z , t )  X 
3  — Bo z +  6(z, t) X 
P  =  p(z) (?
where the gas is assumed to be isothermal with a sound speed c. The velocity pertur­
bation u(z, i) is linearly polarised and taken to be Alfvénic in nature, and is therefore 
perpendicular to  the direction of the applied uniform magnetic field [ B q) . The associat­
ed magnetic perturbation is 6(z ,t) . Such wave motions do not induce any compression 
in the gas, which is treated as a single fluid (the neutrals and ions being taken together; 
see C hapter 1, Section 1.2).
2.2  T he equations
The magnetohydrodynamic equation of motion including gravity (Eq. 1.15) is
/ > | j  +  / ) ( v . V ) v  =  - V P  +  ( B - V )  ® -  v ( ^ |  + p g , (2 .1)
where p is the mass density, v  is the velocity, P  is the pressure, B is the magnetic field, 
g is the gravity and p  is the magnetic permeability of free space.
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For wave periods shorter than  the characteristic free-fall time (Chapter 1, Sec­
tion 1.4), which is normally longer than the fundam ental Alfvén wave period in a low-/3 
plasma, this equation can be averaged over time to allow the effect of the waves on 
the gas layer to be observed. The result is an equilibrium equation (or force-balance 
equation) between the gravity, the gas pressure and the pressure exerted by the Alfvén 
waves,
6^(z,<)
0 _ - V P ~ V (  —— ) + p g ,  (2.2)
where 6(z, <) is the magnetic field perturbation. Since all of the components of this 
equation are functions of z only, the equilibrium equation can be written
Subtracting this equilibrium equation from the equation of motion (Eq. 2.1) leaves 
an equation describing the motion of the MHD wave, viz:
Note th a t there is no explicit linearisation involved in determining Equations (2.3) and 
(2.4); the form of the velocity (u) and the associated magnetic field perturbation (6) 
leave the Alfvén wave pressure as the single non-linear term . The wave acts directly 
on the ions and electrons in the cloud with the neutrals (n) supported, in turn, by the 
friction force th a t they exert on the ions (%)
fn—J-Î — PiPnlfi^i ^n)  ; (2.5)
where 7  is a drag coefficient (Draine et al. 1983; Shu et al. 1987). Thus a term  appears 
on the right-hand side of the equation of motion to represent the friction between the 
neutrals and ions, such th a t
where F is the damping rate (see also Chapter 1, Section 1.4). In the perfectly con­
ducting limit the induction equation (Eq. 1.16) is described by
^  =  V X (V X B ) , (2.7)
which, through the definitions of the magnetic field (B) and velocity (v), reduces to
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The magnetic field perturbation (6) can be eliminated from Equation (2.6) by 
differentiating it with respect to time (t) and using Equation (2 .8) to give the wave 
propagation equation
where va ~  Bo/y/pp  is the Alfvén speed.
Assuming harmonic wave motion allows both the velocity and magnetic perturba­
tions to be written as
u(z, t) = U [v{z) e"*^) and b[z, <) =  % (6(z) e"*'^^),
where w is the frequency and fi, 6 are the complex wave amplitudes
v{z) = vi[z) -f iv2 {z) and b{z) = bi{z) +  *62(z) .
Substituting these expressions into the wave propagation equation (Eq. 2.9) gives
(Pv
v \ i V u v  — Q , (2 .10)
and similarly the induction equation (Eq. 2.8) becomes
—iiob — Ro (2 .11)
The corresponding time-averaged wave pressure is given by
{b'^{z,t)) = -  [bl + b l ) , (2 .12)
which allows the equilibrium equation to be written as
+  (2,13)
where the gas pressure P  = pc^. The model is described by this equation together with 
the wave propagation equations (Eqs 2.10 and 2.11) and the self-gravitation equation
^  =  47rGyO, (2.14)
where G  is the gravitational constant.
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2 .2 .1  W K B  waves
The WKB approximation is a method for solving wave equations in a non-uniform 
medium which is varying over a scale much larger than the wavelength of the waves 
propagating within the medium. In the case where the wavelengths of the Alfvén waves 
are short compared with the size of the cloud, this approximation can be applied to 
the wave equations calculated above (see Appendix A ).
Consider the wave propagation equations (Eqs 2.10 and 2 .11) and let the wave 
amplitude of the velocity perturbation be written as v(z) — V(z)  , where <f){z) is 
varying at a faster rate than V(z). (Specifically (f){z) is varying on the scale of a local 
wavelength while V(z) is varying on the scale-length of the non-uniform medium.) In 
this case Equation (2.10) can be written as
. dV d(j) 
dz dz
-j- oĵ V -t- iVuV =  0
which upon equating the real and imaginary term s gives
d(f) _  LÜ 








Similarly let the wave amplitude of the magnetic field perturbation be written as 
b{z) = B{z) so th a t Equation (2.11) becomes
O  = -----------------—  .w dz
This equation can be written as
(2.18)
A





given th a t w and B q are constants. Substituting this expression into Equation (2.17) 




In the particular case of WKB waves the wave pressure term  becomes 
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T h e  w ave e n e rg y  d e n s ity
W ithin a WKB approximation and a steady sta te  the wave energy density obeys an
equation similar to a standard radiative transfer equation which, in regions where no
waves are emitted, can be simply written in the form
=  -Ki, 6 , (2.23)
where e is the energy density, Ky is the volume absorption coefficient and Vg is the 
group velocity. In comparison, letting U ~  fAp  simply reduces the wave propagation 
equation (Eq, 2.20) to  the Alfvén wave energy transport equation,
(2.24)
given th a t the group velocity is simply the Alfvén velocity. This shows th a t U can be 
described as a wave energy density, noting th a t in an Alfvén wave energy is transm itted 
partly as magnetic energy {B^j2p)  and partly as kinetic energy (pu^/2), the electrical 
energy being insignificant.
Thus the equations describing the model have been reduced to just three within 
this WKB approximation: the wave equation
( - 7 ^ )  = - — £/, (2.25)
where po is the mass density and vaq is the Alfvén velocity, a t the central plane (z =  0); 
the equilibrium equation
^  (pc^ + U )  = - p p ;  (2.26)
and the self-gravitation equation (Eq. 2.14)
dz
These are the equations which will be solved in the following section, together with the 
boundary conditions U = Uq, p = po and p =  0 a t the central plane (z =  0). The first 
of these conditions reflects the assumption th a t the Alfvén waves are em itted from the 
central plane. The value of the central mass density together with th a t of the central 
wave energy density are determined from the column density of the gas layer. The 
relation between these param eters will be calculated a posteriori.
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2.3 R esu lts
The set of equations describing the model (Eqs 2.25, 2.26 and 2.14) will now be solved 
to give the density profile and hence the ‘thickness’ of the isothermal gas layer, in two
cases: without any wave damping; and including wave damping in accordance with
ion-neutral friction.
2 .3 ,1  W ith o u t d am p in g
In the absence of damping, i.e. when F =  0, the WKB wave equation (Eq. 2.25) 
integrates to give
U = Uq^[~A ̂  (2.27)
V Po
where po and TJq are the mass and energy densities at the central plane. Substituting 
this expression for the wave energy density into the equilibrium equation (Eq. 2.26) 
leaves
2 dp , rr ^ (  l~P
which together with the self-gravitation equation (Eq. 2,14) can be used to find the 
relationship between the gravity (g) and the mass density (p), Eliminating the height 
(z) between these equations (Eqs 2.14 and 2.28) and integrating gives
( 1 - V ^ )(l +  A +  v ^ )  =  - - | — - ,  (2.29)
where p =  p/po and
A =  ^  (2.30)
is defined as the magnetisation param eter (see Section 2.3.3 for a discussion of the 
values of this param eter). This expression for the gravity (p) can then be inserted 
back into the self-gravitation equation (Eq. 2.14) to give the density stratification. By 
defining
u — Y^(l — \ /p ) ( l  +  A +  Vp) ,
Equation (2.14) can be written as
-  — f r ;  ( - )\/87rGpo
7 (1  +  A / 2 ) ^ - u2 -  A/2
Applying the substitution u = (1 + A /2)(2i / l  -f ^^), expanding and integrating, gives 
finally
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A Po (kgm-®) %  (Jm -3) Thickness (pc)
0 1 .7 5  X 1 0 “ i^ 0 0 .2 0
10 1 .5 9  X 10-1® 9.52 X IQ-i® 1.84
20 8.33 X 10-1^ 9.98 X IQ-i® 3.49
30 5 .6 4  X 1 0 -1 ^ 1 .01  X 1 0 -1 2 5 .1 3
4 0 4.27 X 10-19 1 .0 2  X 1 0 -1 2 6.77
Table 2.1: The central mass density (po), central energy density (I7o) and thickness 
of an isothermal gas slab supported by waves without damping, w ith column density 
M  — 10“  ̂kgm “  ̂ and tem perature T =  10 K, for increasing values of the param eter 
A; where A =  C/o/po4 is the ratio between the wave pressure and the isothermal gas 
pressure at the central plane (z =  0).




A/2 \ / ( l  -  \fp)  (1 +  A +  a/p)
1 +  A (1 +  A/2)
7/1 4- A -j- \ /p  4- 7/(1  4- A)(l
In (2.32)
\ j \  4- A 4- \ /p  — 7/(1  4- A)(l —\ /p )
This expression fully describes the relationship between the mass density ratio (p) and 
the height above the central plane (z) where p =  1 at z =  0 and p 0 as z —̂ 00 . Note 
th a t the magnetisation param eter (A) is inversely proportional to the plasma beta (/?) 
and therefore larger values of A correspond to the magnetic field becoming increasingly 
dom inant within the cloud dynam ics.
Shown in Table 2.1 is the thickness of an isothermal gas slab with column density 
M  =  10“  ̂ kgm “  ̂ and tem perature T  =  10 K, for increasing values of A. The case 
A =  0 represents a cloud in which there is no wave support and hence the gravity 
is balanced by the internal gas pressure alone (see also Chapter 1, Section 1.3). The 
column density [M )  is given by the expression
2
(14- A) (2.33)
and the thickness of the slab is defined as twice the height above the central plane at 
which the central mass density has decreased by a factor of e, i.e. 2 x z(p =  1/e).
F igure 2.2 shows simply th a t increasing the value of the param eter A, i.e. increasing 
the wave support, increases the thickness of the isothermal gas slab. M aintaining the 
same column density requires the mass density a t the central plane to decrease as wave
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Figure 2.2: The (i) mass density ratio and (ii) energy density ratio profiles of
an isothermal gas slab supported by waves withou t damping, w ith column density 
M  = 10“  ̂ kgm~^ and tem perature T  =  10 K, for (a) A =  0 , (b) A =  10, (c) A — 20, 
(d) A =  30 and (e) A =  40; where A =  Uq/ pqc  ̂ is the ratio between the wave pressure 
and the isothermal gas pressure a t the central plane (2 =  0).
support increases (see Figure 2.3) so th a t the m aterial in the layer becomes more even­
ly d istribu ted. Altering the column density and tem perature naturally brings abou t a 
change in the thickness of the slab. For example, increasing the column density will 
favour gravity and hence reduce the size of the slab, whereas increasing the tem pera­
tu re will favour the gas pressure and so increase the thickness. As can be seen from 
Equation (2.32) and F igure 2.4 there is a linear relationship between the height above 
the central plane (2) and the param eter A, showing th a t a higher tem peratu re together 
with a lower column density would increase the thickness of the layer more markedly 
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Figure 2.3: The mass density profiles as for Figure 2.2.
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F igure 2.4: The thickness of an isothermal gas slab supported by waves w ithout dam p­
ing plo tted against the param eter A for (i) different values of the column density [M )  
w ith tem peratu re T  =  lOK and (ii) different values of the tem peratu re (T) with column 
density M  =  10“  ̂ kgm "^.
Hence it can be seen from these results th a t damping is not a prerequisite for the 
Alfvén waves to support a molecular cloud ou t to typical observed radii, providing the 
value of A and hence the magnitude of the magnetic field pertu rbation is large enough. 
The wave flux (~  U v a ) is conserved along the direction of propagation bu t the Alfvén 
speed {va) is no t and so it is the resulting gradient in the wave energy density [U] (see 
F igure 2.2) th a t provides the support.
2 .3 .2  W ith  d am p in g
Friction between the ions and neutrals is the mechanism by which a low-mass star- 
forming region is supported as a whole (given th a t the magnetic field will act directly 
on the electric component of the cloud and not the neutrals). This ion-neutral friction 
is a linear process which will act to damp the Alfvén waves propagating through the 
layer (see also C hapter 1 , Section 1.4; Zweibel &: Josafatsson 1983).
In the limit when there is good coupling between the ions and the neutrals the 
damping rate is given by
r =
2
(Eq. 1.55), where w is the  wave frequency, ^ is the ionization fraction, is the mass 
density of the neutrals and 7  is a drag coefficient (Draine et al. 1983; Shu et al. 1987). 
The to ta l mass density is p ~  pn? and this allows the above equation to be w ritten as
\ /p/po  ’
(2.34)
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where k — / 2 C j y / ^  (see C hapter 1 , Section 1.4). Using this expression for the
damping rate, the WKB wave equation (Eq. 2.25) integrates to give
a  =  !7 o v ^ e -‘% (2.35)
where
^ T W  ( î f e ) "
is a damping param eter and r  is the period of the Alfvén waves.
As in the previous section, using the self-gravitation equation (Eq. 2.14) to eliminate 
the gravity (g) from the equilibrium equation (Eq. 2.26) gives an expression describing 
the density stratification
A .
dz ( p +  Av^e-^-*) =  + . (2.36)
No analytical solution of this equation has been found bu t using the substitution
u =  y^l -f- A -  p -  Aa/5 e~^^ , 
where tf =  0 a t z =  0 , reduces it to the form
+   ̂+  ’ ■ (2.37)
in which it is solved numerically.
The mass and energy density ratio profiles given by an intermediate value of the 
damping param eter k (10~^’’m “ ^) are shown in Figure 2.5, with the actual density 
profiles shown in Figure 2.6. As in the case w ithout damping, increasing the value of 
A increases the thickness of the cloud bu t in addition it also accentuates the rise in 
density occurring either side of the central plane. The increase in density can be seen 
in the expression
which is obtained from the equilibrium equation (Eq. 2.26) and the wave propagation 
equation (Eq. 2.25); a positive density gradient is given when kU > popg. This criterion 
is satisfied in a region near the central plane where the value of the wave energy density 
is at its maximum (as in Figure 2.5(ii)). Clearly increasing the initial value of the wave 
energy density, i.e. increasing A, will increase the extent of this region. Such a mass 
distribu tion is supported against gravity by an Alfvénic pressure which is essentially a 
zero-mass ‘m aterial’.
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Figure 2.5: The (i) mass density ratio and (ii) energy density ratio profiles of an 
isothermal gas slab supported by waves including damping, with column density 
M  — 10~^ kgm “ ^, tem peratu re T =  10 K and damping param eter k = 10“ ^“̂ m "^, 
for (a) A =  0, (b) A =  10, (c) A =  20, (d) A =  30 and (e) A =  40; where A =  Uq/ pqĈ  
is the ratio between the wave pressure and the isothermal gas pressure a t the central 
plane (z =  0).
The actual thicknesses of the gas slabs represented by these profiles are shown in 
Table 2.2, the last column of which contains for comparison the results for a cloud 
supported by waves w ithout any damping. The isothermal layers have column density 
M  =  10~^ kgm “  ̂ and tem peratu re T  =  10 K, and thus from Equation (2.33) the 
same central mass and energy densities as shown in Table 2.1. Notice th a t increasing 
the value of the param eter k does not necessarily increase the size of the gas slab (see 
F igure 2.7). If the damping is too strong then the wave is stopped well w ithin the 
density distribution and the ability for these waves to provide any overall support for 
the gas is lost. And so for each value of k increasing the value of the  param eter A




Figure 2.6; The mass density profiles as for Figure 2.5.
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A Thickness (pc): k {m )̂ Thickness without 
damping (pc)10"^® 10-17 10-18
0 0.20 0.20 0.20 0.20
10 1.32 1.97 1.87 1.84
20 1.74 3.70 3.56 3.49
30 1.99 5.19 5.29 5.13
40 2.17 6.47 7.04 6.77
Table 2.2: The thickness of an isothermal gas slab with a column density of
M  =  10~^ kgm “  ̂ and a tem perature of T  =  10 K for increasing values of the pa­
ram eters A and k; where A =  Uof Pqc  ̂ is the ratio between the wave pressure and the 
isothermal gas pressure a t the central plane {z — 0) and is a damping param eter.
will continue to increase the thickness of the layer bu t only up to a certain value, a t 
which point the waves have been completely damped. Thus introducing the damping 
has complicated the linear relationship between the thickness of the slab and A (see 
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Figure 2.7: The thickness of an isothermal gas slab supported by waves including dam p­
ing, with column density M  =  10“  ̂kg m “  ̂ and tem perature T  =  10 K, plotted against 
the param eter A for (a) k — 10“ ^̂  m “ ^, (b) k — 10"^^ m“  ̂ and (c) k — 10“ ®̂ m“ .̂
2 .3 .3  D iscu ssio n
The values displayed in Table 2.2 show how the thickness of the slab varies with de­
creasing damping and then with no damping a t all. A direct comparison between the 
support w ith damping and th a t w ithou t is illustrated in Figure 2.9 for different values
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F igure 2.8: The thickness of an isothermal gas slab supported by waves including 
damping, w ith k =  10"^^m “ ,̂ plo tted against the param eter A for (i) different values 
of the column density (Ad) with tem perature T  — 10 K and (ii) different values of the 
tem peratu re (T) w ith column density M  = 10“  ̂ kgm~^.
of the param eter from 10“ ®̂ m “  ̂ for strong damping through to 10"^® m “  ̂ for weak 
damping. It can be seen th a t when the waves are only weakly damped, the grad ient in 
the wave energy density increases slightly, resulting in a small increase in cloud support 
and thus a marginally larger value for the thickness. However, if the damping is too 
strong then the thickness of the gas slab actually decreases relative to th a t w ithou t any 
damping. The upper limit of the param eter k (~  10“ ®̂ m“ ^), which gives the strongest 
damping, arises from considering the maximum wave frequency ojmax (see Chapter 1, 
Section 1.4) as A; oc This is the limit a t which there can be some coupling by fric­
tion between the ions and the neutrals. However, to achieve good coupling and hence 
support of the cloud as a whole the wave frequency w <  u^ax  and thus k <  k^ax-, 
i.e. k <C 10"^^ m“ ,̂ which is advantageous for cloud support.
The second key param eter in determining the extent of cloud support and hence 
the thickness of the layer is
_go_
,2 (2.39)
where the plasma beta /3 =  2/xP/Ho and Uq — h' /̂Afj, (see Section 2 .2 .1). For a typical 
plasma beta  of
=  5.79 X 10 - 3
T %
10 K ;  V l O^ m- s ;  Vl OnT
B
(2.40)
th is param eter takes the value A ~  85 [iP'/ B q). However 6/P q  — where v is the
velocity associated w ith the magnetic field perturbation (6). Now the fluid velocity is 
supersonic bu t subalfvénic (r? < va) and typical values (see Chapter 1, Section 1.1) of
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F igure 2.9: The (i) mass density ratio and (ii) energy density ratio profiles of an 
isothermal gas slab with column density M  =  10~^ kgm “ ^, tem peratu re T  = 10 K 
and A =  30 for (a) support by waves in the absence of damping, and support by waves 
including damping with (b) k =  10” ®̂ m “ ,̂ (c) k =  10~^''m “  ̂ and (d) k =  10“ ®̂ m “ .̂
u ~  1 -  3 km s“  ̂ (Myers 1987) and 4.5 km s"^ give A ~  5 -  35, which corresponds 
to cloud thicknesses of up to a few parsecs (see Table 2.2) akin to observations. For 
turbu lent velocities approaching the Alfvén value (Myers & Goodman 1988; Goodman 
& Heiles 1994; Mouschovias & Psaltis 1995) the param eter A ~  80; in the case where 
there is no damping this would result in a continuous increase in the thickness as 2 oc A 
(see F igure 2.4). However, with damping included the resu ltant thickness of the layer 
would depend on the value chosen for the param eter k (see F igure 2.7); the strongest 
value gives a thickness of only ~  2 pc, while an order of magnitude less gives ~  10 pc 
(equivalent to a radius of ~  5 pc), which is in good agreement w ith observations of 
low-mass star-forming regions (e.g. see Shu et al. 1987).
In summary, it has been shown th a t Alfvén waves can provide the required sup­
port for a low-mass star-forming region along the magnetic field lines, while support 
perpendicular to the field lines is provided by the Lorentz force. The damping of these 
waves is not a necessary condition for this support, bu t weak damping is bo th likely 
and favourable.
2.4 Introducing a source function
The results described in the previous section dem onstrate how short-wavelength Alfvén 
waves can support an isothermal gas layer against its self-gravity, assuming th a t these 
waves are generated by a 6-function source located at the central plane [z — 0). The 
presence of a general increase in mass density away from the central plane (Figure 2.5),
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which is enhanced by higher values of the magnetisation (A) and damping [ k )  parame­
ters, encourages the inclusion of a source function within the model. This would imply 
that all of the waves are no longer emitted from z  =  0 ,  but that all points within a 
‘source region’ would emit waves in both the positive and negative 2-directions.
The source function is chosen to depend on the mass density ratio ( p)  through a 
power law
<^{p) =  , (2.41)
where 7 is the power-law index; positive values of 7 ensure that the number of sources 
is reduced as the mass density decreases and hence that there is a negative gradient of 
wave sources as the height above the central plane (2) is increased. This guarantees 
that there will be a greater number of waves propagating away from the central plane 
which act to support, rather than compress, the cloud (Shu et al. 1987). The density 
dependence is included in the wave equation (Eq. 2.25) through a source function
S(p) =  <r(p), (2.42)
where $  is a dimensionless source parameter, p o  is the mass density at the central 
plane, c is the sound speed and H  / 2 tcG p q  is a scale-height, to give
i  (S) = â  +1
and
d z K ^ p J -  ^
Here the quantities denoted by a -f represent the waves propagating away from the 
source in the positive 2-direction, while those with a subscript — correspond to waves 
propagating in the negative 2-direction. Completing the system  of equations describing 
this model are the equilibrium equation (Eq. 2.26), which becomes
d
{pop c^  +  (7+ 4- (7 -^  — —poP9  , (2 .4 5 )
d z
and the self-gravitation equation (Eq. 2.14)
|  =  4 ^G po^
Adding and subtracting the two wave equations (Eqs 2.43 and 2.44) gives
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and
Tz  ( v ? )  =  (2.47)
respectively, where F  =  (C/+ -  U-) j^ /p  and U = F U - ,  which upon eliminating F
leaves a single wave equation, viz:
(2.48)
Equations (2.48), (2.45) and (2.14) are now made dimensionless according to
to leave, having eliminated the gravity {g) between the equilibrium and self-gravitation 
equations,
^ ^  ^ (2.49)
^  F  Ûo -  p -  =  p , (2.50)
where r  =  k H  and Uq is the dimensionless to tal wave energy density a t the central plane 
(C =  0). As in Section 2.3.2 no analytical solution of these equations could be found
and so they are solved numerically to give the mass density profiles and thicknesses of
model clouds, given the appropriate boundary conditions.
2 .4 .1  B ou n d ary  con d ition s
The equations describing the model are w ritten as three coupled first-order equations,
du
^  »  (2.51)
^  z = z t { t u ~  $ p ^) (2.52)
^  = P (2.53)
by defining u =  IJI V p  and s =  y l  +  Üq ~  p ~ Ù , and noting th a t the mass density 
ratio can be expressed as
\/4  (1 -)- ■uo”-  5^) -T iF -
2
where uq is the value of the dependent variable a t (  == 0 .
(2.54)
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At the central plane (( =  0) the mass density ratio is p =  1 and the wave energy 
density is Û — Ûo, which implies th a t sq =  0 and uq — Ûq. In accordance w ith the 
previous results let there be a magnetisation param eter A (Eq, 2.30) such th a t
A =  — Uo , (2.55)
poc^
implying simply th a t a t the central plane uq =  A.
The symmetry of the model abou t the central plane suggests th a t there will be an 
equal number of positively and negatively propagating waves, the to ta l wave energy 
density, and hence the mass density, being symmetrical and continuous through the 
centre of the sheet. This implies th a t the variable u (described by Eq. 2.51) is also 
symmetrical and continuous through 0 , i.e. wq =  0 .
At the ou ter boundary, as (  —> oo, p 0 and consequently —> 0 meaning
th a t the dependent variable s y l + ^ o -  Strictly the three independent boundary 
conditions required to solve Equations (2.51) -  (2.53) are s = 0 and ru == 0 at (  == 0 , 
plus s \ j  1 +  Üo as C —̂ CO. However to allow the results of this model to be 
easily compared w ith those for the 6-function source d istribution the magnetisation 
param eter A (Eq. 2.55) has been introduced, effectively over-specifying the problem. 
Thus, to satisfy the boundary conditions at infinity (namely th a t p 0 and 17 0,
i.e. th a t the dependent variable u is exponentially decaying as C —̂ o o ) \  the source 
param eter #  is not independently specified, rather it is determined by the solution.
In the following section the equations describing the model (Eqs 2.51 -  2.53) are 
solved for an isothermal gas layer with a tem perature T and column density M  and 
a given value of the magnetisation param eter (A), the damping param eter (k) and the 
index of the power law (7 ).
^This can be illustrated by considering the wave equation (Eq. 2.49) as (  - 4- 00. Given that there 
are no more wave sources as p —»• 0 this equation becomes simply
~  T  U(C
<—»oo
which has the solution
«(C — 00) =  Aê '" +  ,
where A  and B  are the integration constants. However there are no wave sources at infinity and thus 
the exponentially decaying solution is chosen. Note that numerically infinity is defined to be the point 
at which the mass density ratio has fallen below the accuracy of the program.
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F igure 2.10: The mass density ratio profiles of an isothermal gas slab supported by 
waves including damping and a density-dependent source function, w ith column density
M  =  10"^ kgm “ ^, tem peratu re T  =  10 K, damping param eter k 
power-Iaw index 7  =  3, for (a) A =  10, (b) A =  20, (c) A =  30 and (d) A =  40; where 
A =  Uq/ pqc  ̂ is the ratio between the wave pressure and the isothermal gas pressure at 
the central plane (z =  0).
10 m  ̂ and
2 .4 .2  R esu lts
The mass density profiles in Figure 2.10 are plotted for typical values of the tem pera­
tu re, column density and damping for increasing values of the m agnetisation param eter 
(A). The index of the power law is chosen to give a cubic (7 =  3) density-dependent 
source function (Eq. 2.42). These profiles show no increase in mass density away from 
the central plane, a result which is in contrast with th a t of a ^-function wave source 
(see F igure 2.5). The thicknesses of the isothermal gas layers shown in Figure 2.10 are 
given in Table 2.3. When compared to those values generated using a ^-function source 
it can be seen th a t the inclusion of a source function has reduced the thickness of the 
layer by over a parsec, particularly for stronger values of the magnetisation param eter 
(A). W ith a (5-function source the increase in mass density away from the central plane 
strengthens the gas pressure and thus increases the thickness of the cloud; removing 
th is enhancement in density reduces the extent of the isothermal gas slab, as reflected 
in Table 2.3. In addition, the density-dependent source function implies th a t there 
will be waves propagating inwards towards the central plane (( =  0), as well as ou t 
towards infinity ((  ^  00). These inwardly propagating waves act with the self-gravity 
to compress the cloud, thus causing a further reduction in the thickness of the gas layer 
as compared to th a t given by ju s t outwardly propagating waves.
The benefit of including a source function in the model is further illustrated when 
the damping is increased to its strongest value {k =  10“ ®̂ m "^). F igure 2.11, together
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A Thickness (pc)




40 4 j # 6.47
Table 2.3: The thickness of an isothermal gas slab with a column density of
M  — 10“  ̂kgm -^ , a tem perature of T  =  10 K, a damping param eter of A: =  10"^'^ m~^ 
and increasing values of the param eter A for a density-dependent source function (with 
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F igure 2.11: The mass density ratio profiles of an isothermal gas slab supported by 
waves including damping and a density-dependent source function, w ith column density
A4 =  10  ̂kgm  tem perature T  =  10 K, magnetisation param eter A =  30 and power-- 2
law index 7  =  3, for (a) k — 10' m - i , (b) & == 10 m  ̂ and (c) h 10-iG
k (m )̂ Thickness (pc)
Density-dependent source 6-function source
10-18 3T3 5.29
10-17 3.57 5.19
10-16 3 ^ # 1.99
Table 2.4: The thickness of an isothermal gas slab with a column density of
M  =  10"! kgm “ ^, a tem perature of T  =  10 K, a magnetisation param eter of A =  30 
and increasing values of the damping param eter k  for a density-dependent source func­
tion (w ith power-law index 7 =  3) and a 6-function source.
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F igure 2.12: The thickness of an isothermal gas slab supported by waves in­
cluding damping and a density-dependent source function, w ith column density 
A i =  10“ ^kgm~^ and tem perature T  =  10 K, plotted against the param eter A for 
(i) increasing values of the damping param eter k, (a) 10~̂ ® m " \  (b) 10“ '̂̂  and
(c) 10 ni with 7  =  3; and (ii) increasing values of the power-law index 7 , (a) 1,
(b) 2, (c) 3, (d) 4 and (e) 5 with k = 10"^^ m “ .̂
w ith Table 2.4, show th a t increasing the strength of the damping continues to enhance 
the thickness of the gas slab (see also Figure 2.12(i) which shows how the thickness of 
the layer increases as the magnetisation param eter (A) is increased). As the damping 
param eter k is increased the mass density is redistributed so th a t there is a greater 
am ount of mass in the central regions of the sheet; however, this no longer results in a 
large increase in mass density away from the central plane (as observed in F igure 2.9).
The importance of the nature of the source function, i.e. the value of the index of 
the power law (7 ), is considered in F igure 2.12(ii). It can be clearly seen tha t, while 
there is a slight decrease in support for a linear relation (7 =  1), the specific s truc tu re of 
the source function has very little influence on the thickness of the isothermal gas layer. 
In contrast, the advantages of a lower column density (A4) and a higher tem peratu re 
(T) are still clearly present, as can be seen in Figure 2.13.
As in Section 2.3 the key param eters in determining the amount of support given 
to the gas layer are the damping param eter (k) and the magnetisation param eter (A). 
For typical velocities within these clouds (Chapter 1, Section 1.1) the magnetisation 
param eter takes values of A ~  5 -  35 (Eq. 2.39) which, in the case of a d istribu tion of 
wave sources, correspond to cloud thicknesses of a few parsecs, the lower limit of the 
observational values. However, as the fluid velocity approaches the Alfven value the 
param eter A ~  80 and the radii of these clouds increases to ~  5 pc for a typical value of 
the damping (as can be seen from Figure 2.12(ii) there will only be a small variation in
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Figure 2.13: The thickness of an isothermal gas slab supported by waves including 
damping and a density-dependent source function, with k =  m “  ̂ and 7  =  3 ,
plo tted against the param eter A for (i) different values of the column density ( M )  with 
tem peratu re T  =  10 K and (ii) different values of the tem perature (T) with column 
density M  — 10“  ̂ kgm~^.
the thickness of the layer as the damping is varied), a result which is in good agreement 
w ith observations of low-mass star-forming regions (Shu et al. 1987).
In summary, the inclusion of a density-dependent source function w ithin the model 
has removed any increase in mass density away from the central plane; th is is clearly 
dem onstrated in F igure 2.14 where the mass and energy density ratio profiles have been 
plo tted for a density-dependent source function in comparison w ith a 6-function source. 
The density profiles generated using a distribution of wave sources have thicknesses of 
a few parsecs which, although less than those determined by a 6-function source, are 
in good agreement with the observational values.
2.5 Sum m ary
The work presented in this chapter has described a self-consistent, one-dimensional 
model which successfully provides the necessary support for a low-mass star-forming re­
gion parallel to its ordered magnetic field. The support is provided by short-wavelength 
Alfven waves, generated by the orbital motions of condensations of material within the 
cloud (Chapter 1, Section 1.4.1), which act on the gas through a pressure force. The 
waves have been shown to be able to provide support against self-gravity even in the 
absence of damping, given th a t the wave flux is conserved along the direction of prop­
agation. However, weak damping caused by the friction between the ionic and neutral 
components of the cloud is bo th likely and favourable, acting to enhance the thickness
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Figure 2.14: The (i) mass density ratio and (ii) energy density ratio profiles of 
an isothermal gas slab supported by waves including damping, w ith column densi­
ty  A4 — 10~^kgm"~^, tem perature T  =  10 K, magnetisation param eter A =  30 and 
damping param eter k =  10“ ^̂  m~^,  for (a) a density-dependent source function (with 
power-law index 7  =  3) and (b) a 6-function source.
of the gas layer.
Generally the support of the cloud is increased for higher values of the magnetic 
field perturbation (reflected in the magnetisation param eter A). However, in the case 
of a 6-function source, if the damping is too strong the thickness of the cloud reaches a 
maximum value a t which point the waves have been completely damped. In addition, 
for larger values of the damping param eter (&), particularly when coupled with a strong 
value for the param eter A, the presence of a 6-function source can cause the mass density 
to increase away from the central plane to values th a t are higher than the central 
density. Such an effect is eliminated by the introduction of a density-dependent source 
function, which consequently causes a reduction in the calculated thickness of the gas 
layer. However there is a continual increase in this thickness, both for strong and weak 
damping, as the value of the fluid velocity increases towards the Alfven velocity.
Overall this model describing short-wavelength Alfven wave support shows th a t 
realistic values of the magnetisation param eter result in significant mechanical support, 
even in the absence of damping, generating model cloud thicknesses which are in good 
agreement with the observational values. Such a result signifies the importance of 
Alfven waves in low-mass star-forming regions and encourages further consideration of 
this problem in the following chapters.
Chapter 3
A  tem perature-dependent m odel
. ,  . to  search for a radio signal from an extraterrestrial source is probably 
as culture-bound a presumption as to search the galaxy for  a good Italian 
restaurant.
Terence McKenna
The previous chapter described how short-wavelength Alfven waves could successfully 
provide additional support against the self-gravity of a low-mass star-forming region, 
parallel to the ordered magnetic field. Such support leaves the model gas layer in 
equilibrium between the isothermal gas pressure, an Alfven wave pressure force and 
the self-gravity — an equilibrium which results in cloud thicknesses th a t are in good 
agreement with observational values (see Chapter 2 , Section 3.3 for a fuller discussion). 
In th is chapter a simplified representation of the therm al equilibrium in a low-mass 
star-forming region will be considered in order to ascertain the effect th a t this has on 
the wave support of the cloud and vice versa. Of particu lar interest is the relative 
im portance of the heating generated by the Alfven waves as they propagate through 
the slab.
3.1 T herm al equilibrium
There are many processes which can contribute to the heating and cooling of a molecular 
cloud, the relative efficiency of these processes being determined by the composition 
and physical conditions of the cloud and the surrounding medium. For the purposes 
of th is study a therm al equilibrium equation is required which equates the dom inant 
heating and cooling processes in such a region. For a more detailed theoretical analysis
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of the therm al equilibrium in molecular clouds see the reviews by Goldsmith & Langer 
(1978; hereafter GL78); Black (1987) and Neufeld, Lepp & Melnick (1995). In this 
chapter the therm al equilibrium under consideration is th a t of a low-mass star-forming 
region. These regions typically have tem peratures of ~  10 K and visual extinctions of a 
few magnitudes, up to ten magnitudes in the cores (Myers & Benson 1983; Myers 1999; 
see also Chapter 1 , Section 1).
3 .1 .1  H ea tin g  p rocesses
The two main heating agents of molecular gas are cosmic-ray radiation and ultravi­
olet photons from nearby stellar sources. These sources are more prevalent in the 
neighbourhoods of giant molecular clouds than of more isolated low-mass star-forming 
regions. Minor contributions can include, for example, the heating by molecular hydro­
gen (H2) (de Jong et al. 1980; Spaans 1996) and heating by water (H2O) in warm, dusty 
clouds (Takahashi et al. 1983); grav itational contraction of clouds (GL78); radiation 
from embedded sources (Takahashi et al. 1983; Takano 1986); and gas-grain heating 
(Black 1987; Lis k  Goldsmith 1990) which requires the dust tem perature to be greater 
than  the gas tem perature. As this is no t always the case this process can actually act 
to cool the gas (GL78; Black 1987).
Of the two main heating mechanisms there is evidence to suggest th a t cosmic-ray 
rad iation is dominant in molecular gas throughou t the galaxy. This comes in the for- 
m of the ratio of carbon monoxide emission to non-thermal radio emission at 20 cm 
wavelength (Lco/Tzo), which remains almost constant with distance from the galactic 
centre (Suchov et al. 1993 and references therein). The constant ratio can be explained 
if the tem perature of the molecular clouds, on a galactic scale, is determined by us­
ing cosmic-ray radiation as the principle heating mechanism — the carbon monoxide 
emission (Jco) arises from cosmic-ray heated gas, while the cosmic rays themselves are 
responsible for the radio emission (T20) (Adler et al. 1991). This lead Suchov, Allen & 
Heckman (1993) to conclude th a t “ . . .  although ultraviolet photons may well contribu te 
to gas heating in the immediate neighbourhood of hot stars, cosmic rays appear to be 
the prime source of molecular cloud heating in the general interstellar medium . . . " .
Heating by ultraviolet photons is certainly im portant for molecular gas in the vicin­
ity of hot stars, particularly in the ou ter regions of clouds where the visual extinction 
is lower^. If the cloud has a clumpy struc tu re then the photons can penetrate deeper
Me Jong, Dalgarno Boland (1980) found in their model clouds that the cosmic-ray heating 
dominates for visual extinctions Av > 2 when the cosmic-ray ionization rate is  ̂ =  5 x 10"^^ s “ L and 
for A v  >  3.5 when the cosmic-ray ionization rate is an order of magnitude less at C =  5 x 10“ ®̂ s~L
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into the gas than if the density d istribu tion is simply uniform (Lis & Goldsmith 1990). 
However, heating by cosmic-ray rad iation can be considered to be the m inimum heating 
rate in a molecular cloud. Indeed for molecular hydrogen number densities in the range 
3 X 10® <  u h 2 < 10^° m“ ® the cosmic-ray heating is found to be sufficient to balance the 
cooling, giving tem peratures of T  10 K which are in accordance w ith observational 
values (GL78).
Thus, the main heating mechanism in an isolated star-forming region (which does 
no t form any massive, highly ionizing stars) is chosen to be cosmic-ray rad iation. The 
cosmic-ray heating rate is given by
Ter =  8.33 X 10® Cp (3.1)
(GL78) in SI units, where (  is the cosmic-ray ionization rate and p — 2.ZrriHnH2 is 
the  mass density (Shu et al. 1987). This is a primary ionization rate (and therefore 
excludes the secondary ionizations) which takes values of C ~  2 -  4 x 10“ ^  ̂s“  ̂ (GL78; 
Black 1987) when considering cosmic rays with energies of lOMeV and above (GL78). 
Such values give good agreement between observations and detailed models of molecu­
lar cloud chem istry (e.g. van Dishoek & Black 1986). Cosmic rays are charged particles 
and can therefore be influenced by the magnetic field pervading a low-mass star-forming 
region. Cesarsky & Volk (1978) considered the penetration of cosmic rays into molec­
ular clouds and found th a t the waves generated by the interaction of the cosmic rays 
with the magnetic field would only screen the interior of the cloud from very low-energy 
cosmic rays; those particles with energies less than several tens of MeV, which is the 
lower limit of the energies considered in determining the ionization rate (GL78).
To th is cosmic-ray heating will be added the heating due to the Alfven waves, 
which are acting to support the low-mass star-forming regions against their self-gravity 
(Chapter 2). The wave heating is defined as
dz
(3.2)
where Fyj — Uva is the wave flux, U is the wave energy density and va ~  Bo /y /pp  is 
the  Alfven speed. This leaves as
-  ^  é  ( ;^ )  • (3-3)
O ther authors have previously considered the importance of the dissipation of Alfven 
waves for heating molecular clouds (Black 1987). For example, Lis & Goldsmith (1990) 
determined th a t th is heat source resulted in only a minor contribu tion to the overall
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heating of the Sag ittarius B2 molecular cloud — a giant molecular cloud at the galac­
tic centre, which is significantly different from typical clouds in the galactic disk. In 
contrast Cham peaux et al. (1997) found th a t the heating by Alfven wave filamentation 
is im portant in the warm {T ^  8000 K) ionized interstellar medium. A t higher tem ­
peratures still (T > 3 X lO'  ̂K) Begelman (1995) concludes th a t cosmic rays can excite 
Alfven waves, which then dissipate and heat the surrounding medium, i.e. the Alfven 
waves mediate the cosmic-ray heating of the high tem perature interstellar gas. In this 
chapter the relative importance of the heating generated by Alfven waves supporting 
cool (T ~  10 K), low-mass star-forming regions will be considered.
3 .1 .2  C oo lin g  p rocesses
Collisional excitation of the components of molecular gas followed by radiative decay 
releases photons which, if they are no t re-absorbed, escape and so cool the cloud. The 
efficiency of this process is very dependent on the composition of the cloud, with species 
which have a fractional abundance greater than one part in 10^ being significant (GL78; 
de Jong et al. 1980; Warin et al. 1996). These species include many different molecules 
(greater than one hundred species of interstellar molecules are known (Myers 1999)), 
atom s and ions, bu t the ro tational lines of carbon monoxide (CO) and water (HgO) 
are the main coolants for the m ajority of the gas in molecular clouds. W ithou t these, 
the typical tem perature of a cloud would approach T  ~  100 K, as opposed to the 
observational value of T  ^  10 K (Myers 1999).
Carbon monoxide, which has been established from both an observational and the­
oretical standpoint to be a m ajor constituent of molecular clouds, has a large number 
of transitions which contribu te to the cooling. Indeed for molecular hydrogen number 
densities less than ~  10̂ ® m “ ® and tem peratures between 10 K and 40 K, ^^CO is found 
to be the dominant coolant (GL78). As the density increases from 10® o ther 
species such as water begin to play an im portant role, as do the dust grains for densities 
greater than ~  10^  ̂m“ ® (Myers 1999). For tem peratures an order of magnitude greater 
than  th is (T ~  100 K) the cooling due to ionized carbon (C"''), which has an excitation 
energy equivalent to 92 K, provides a m ajor contribution to the therm al equilibrium of 
these clouds (Dyson & W illiams 1997).
3.2 M odel I: C arbon m onoxide (CO ) cooling
In th is first approach the therm al equilibrium is assumed to be described by carbon 
monoxide (CO) cooling and the combined heating of cosmic-ray radiation and Alfven
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Figure 3.1: The to ta l carbon monoxide (CO) cooling ra te  ( A t q t a l )  plotted against 
the molecular hydrogen number density {uffz) for a tem peratu re of 40 K; reproduced 
from GL78. The dashed line represents the fit used within th is model and is given by 
Equation (3.4).
waves. This therm al balance is incorporated into the model for short-wavelength Alfven 
wave support which employs a 6-function source of waves, as considered in C hapter 2, 
Sections 1 - 3 .
3 .2 .1  T h e coo lin g
The carbon monoxide cooling is modelled using the results of Goldsmith & Langer 
(1978). Figure 3.1, which is reproduced from GL78 (their Figure 1), shows the to tal 
C O  cooling rate ( A t o t a l )  versus hydrogen number density (n ^ /j) a-t a tem peratu re of 
40 K. This curve is approximated by the formula
A.
5.0 X 10-^^ 
1.5 X 10-^'^
< 3 X 10'  ̂cm  ̂
uho > 3 X 10^ cm “ ^
(3.4)
(where Aco = A t o t a l ) ,  which s tates th a t the to tal cooling rate is directly proportional 
to the hydrogen number density up to a value of 3 x 10'̂  cm~^, and is a constant value
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Molecular hydrogen 
density (cm“ ^)
A (ergs cm  ̂s )̂
1Q2 1.5 X 1 0 -2 7 ^ 1 - 4
3 X 10^ 4.7 X 1 0 - 2 7 ^ 1 . 6
10^ 6.8 X 10-27
4 x  10^ 2.3 X 10-26 2̂ 2.2
1Q4 1.5 X 10-26 T2 7
10^ 3.8 X 10-26 T2 9
Table 3.1: The tem perature dependence of the to ta l cooling rate a t given values of the 
molecular hydrogen number density (71̂ 2); reproduced from GL78.
thereafter. This approximation is represented by the dashed line in F igure 3.1. The 
tem peratu re dependence of this cooling rate (Eq. 3.4) is deduced from the formulae giv­
en in Table 3.1, reproduced from GL78 (their Table 4), to be T^-^. As such Equation 3.4 
can be w ritten
f  4 .9  X 1 0 -4 0  %  %  <  3  X lO^o m - 3
=  n . : > 3 x l O - ^ - 3
in SI units. Note th a t this formula can be expressed in term s of the mass density 
through the relation p = 2.3??%^?^% (Shu et al. 1987; Mouschovias 1995), where m f j  is 
the mass density of the hydrogen atom.
3 .2 .2  T h e eq u ation s
The derivation of the equations which describe a gas layer in equilibrium between 
its self-gravity, gas pressure and an Alfven wave pressure force is discussed in detail 
in Chapter 2 (Section 2). To summarise, this model is described by the equilibrium 
equation (Eq. 2.26)
£ { P  + U) = - p g  , (3.6)
and the self-gravitation equation (Eq. 2.14)
Î = ’ (3.7)
where z is the height above the central plane, P  is the gas pressure (previously assumed 
to be isothermal), U is the wave energy density, p is the mass density, g is the gravity 
and G is the grav itational constant. Including the effects of damping by ion-neutral
A  TEMPERATURE-DEPENDENT MODEL 5 4
friction, the wave energy density is described by (Eq. 2.35)
=  %  (3.8)
V Po
where Uq and po are the wave energy density and mass density a t the central plane 
(z == 0), and k  is the damping param eter. W ithin this tem perature-dependent model 
the gas pressure is given by the perfect gas law
P  =  (3.9)
where k s  is Bo ltzm ann’s constant, fh =  2.3m jî is the mean molecular weight (Shu et al. 
1987) and T  is the tem peratu re, which is described by the therm al equilibrium equation
Aco =  Ter (3.10)
in the absence of wave heating, or
Aco =  Ter +  (3.11)
in the presence of wave heating.
In the absence of wave heating the expressions for the carbon monoxide cooling 
(Eq. 3.5) and the cosmic-ray heating (Eq. 3.1) allow the therm al equilibrium equation 
(Eq. 3.10) to be w ritten as
6 - 6 x l O " ‘ C P < P c r i t  (3 .1 2 )
5.6 X 10^^ C p  p >  p c r i t
in term s of the mass density p and the cosmic-ray ionization rate ( , where the critical 
mass density is pcrit =  1.2 X lO"^® kgn i“  ̂ (see Section 2.1). The heating by the Alfven 
waves becomes
Tty =  k ; (3.13)
through the expression for the wave energy density (Eq. 3.8). By assuming a typical 
value for the uniform magnetic field of ~  1 -  3 nT (~  10 -  30 pG)  say, (Chapter 1, 
Section 1.1), the above equation is written as
Tin =  10  ̂ k  —— . (3.14)
Thus, if the wave heating is included in the therm al equilibrium (Eq. 3.11) the tem per­
atu re is given by the expression
^2.5  _  f  6 .6  X 1031 (  +  7 .9  X 103 k  P / / / 3  p  <  , 3  ^ 3 .
1 5 .6  X 1Q37 (  4- 6 .8  X lO^^ & [ f / y p  p  >  .
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The equilibrium equation (Eq. 3.6) can be expanded to give
+  (3.16)dz A gT ' d z /  r  dz ’
where the derivative of the wave energy density is (from Eq. 3.8)
dU Uoe~^^ dp UTT Fp' - k z
, ~  o /— /— 3 kUoA — e ^ . (3.17)d z  2 ^ / p S y / p  d z  y  Po
Excluding the wave heating (T^,) the tem perature gradient is given by Equation (3.10) 
as
for p  <  P c r i t ,  and
for p  >  p c r i t ’, whereas including (Eq. 3.11) leaves
2 ^  1 (3.21)
for p  <  p c r i t ,  and
d z  5 T^/2 dz
for p  >  p c r i t ,  where the coefficients are Ci =  7.9 x 10^ kUo/^/po, C2 — 5.6 X 10^^ (  and
C3 =  6.8 X 1Q22 A ;2 l7 o /^ .
In this form the equilibrium and self-gravitation equations (Eqs 3.16 and 3.7) can 
be solved numerically subject to the two boundary conditions p = po and g =  0 a t the 
central plane (z =  0), given values for the three parameters: the wave energy density a t 
the  central plane { U q ) ,  the damping (fc) and the cosmic-ray ionization rate ((). These 
solutions will determine the mass density ratio {pjpo) and tem perature (T) profiles, 
together with the thicknesses of model clouds.
3 .2 .3  R esu lts
In the absence of wave heating (F^, =  0) the equations describing th is tem perature- 
dependent model (Eqs 3.16 and 3.7) can be solved to give the mass density ratio and 
tem perature profiles displayed in F igure 3.2 and detailed in Table 3.2. To aid the 
comparisons with the isothermal model, the central mass and wave energy densities {po 
and Uo) have been chosen to match those given in Table 2.1. As such, the decreasing 
values of the central mass density {po), coupled to the increasing values of the central 
wave energy density (I/o), represent a gradual increase in the amount of Alfven wave
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F igure 3,2: The (1) mass density ratio p{po and (ii) tem perature T  plotted against the 
height z for a cosmic-ray ionization rate (  =  s"^, damping k =  10“ ^̂  m “  ̂ and
decreasing values of the central mass density (po) from a -  e. The therm al equilibrium 
of the layer is determined by the carbon monoxide cooling Aco and the cosmic-ray 
heating Ter (Eq. 3.10). See Table 3.2 for details.
Po (kgm ^) Uo (J m -3) Thickness (pc) M  (kgm  2) To (K) Figure
1.75 X 10-1^ 0 0.46 2.26 X 10-1 84.74 3.2a
1.59 X 10“ ®̂ 9.52 X 10-1^ 2.41 1.17 X 10-1 84.74 3.2b
8.33 X 10-18 9.98 X 10-12 4.18 1.09 X 10-1 84.74 3.2c
5.64 X 10-18 1.01 X 10-12 5.72 1.06 X 10-1 84.74 3.2d
4.27 X 10-18 1.02 X 10-12 7.03 1.05 X 10-1 84.74 3.2e
A
k (m 1) Thickness (pc) M  (kgm 2) To(K) Figure
5 X 10-1"^ 10-1^ 4.66 1.19 X 10-1 161.3 3.6(i)b, (ii)b
5 X 10-12 10-17 4.04 1.07 X 10-1 64.22 3.6(iii)b, (iv)b
10~iT 10-12 2.51 1.09 X 10-1 84.74 -
10-17 10-17 4.18 1.09 X 10-1 84.74 -
10-1^ 10-18 4.03 1.09 X 10-1 84.74 -
B
Table 3.2; The thickness, column density M  and central tem peratu re Tq of a gas 
layer supported by Alfven waves for (A) decreasing values of the central mass density 
(po) with a cosmic-ray ionization rate (  =  damping k = 10“ "̂̂  m “  ̂ and
(B) decreasing values of the cosmic-ray ionization rate ((") and damping {k) w ith a 
central mass density po ~  8.33 X 10~^^ kgm “ ^. The therm al equilibrium of the layer 
is determined by the carbon monoxide cooling Aco and the cosmic-ray heating Per 
(Eq. 3.10). The final column of each tab le gives the corresponding mass density ratio 
and tem perature profiles.
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Figure 3.3: The (i) mass density ratio p/po and (ii) tem perature T  plotted against the 
height z for a cosmic-ray ionization rate C =  10~^*^s“ ^, damping k — 10“ "̂̂  m~^ and 
decreasing values of the central mass density (po) from a -  e. The therm al equilibrium 
of the layer is determined by the carbon monoxide cooling Aco, the cosmic-ray heating 
Per and the wave heating (Eq. 3.11). See Table 3.3 for details.
support in the gas layer. This increase in wave support corresponds to an increase in 
the thickness of the model cloud and hence a decrease in the calculated column density 
(shown clearly in Table 3.2 and Figure 3.2). Note that, as in the previous chapter, the 
thickness of the gas layer is defined to be twice the height a t which the mass density has 
fallen by a factor of e from its central value (2 x z[pfpo = 1 /e)), and th a t the column 
density is given by the expression
(3.22)
where Pq =  ksPoTojifi is the gas pressure a t the central plane (z =  0).
W ith no wave heating Equation (3.12) and Figure 3.2(ii) show th a t, for the mass 
densities given in Table 3.2, the tem peratu re (P) is independent of the height above the 
central plane. Consequently the model clouds are at a constant tem perature, which is 
determined by the equilibrium between the cosmic-ray heating and carbon monoxide 
cooling. This situation is in contrast to th a t given when the wave heating is introduced 
into the therm al equilibrium (Fiy ^  0). Figure 3.3 displays the mass density ratio and 
tem perature profiles of the gas slabs described in Table 3.3. These profiles show th a t 
increasing the degree of Alfven wave support in the equilibrium markedly influences the 
tem perature profiles, both in the value of the central tem perature (To) and the evolution 
of the profiles with height. Specifically, as the wave support is increased to its maximum 
value the central tem perature of the gas layer is increased to approximately double the 
value obtained when there is no wave support (Po) 9'nd therefore no wave heating (see
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Po (k g m -® ) m -® ) Thickness (pc) M  (kg m 2) T o ( K ) Figure
1.75 X 10-^"^ 0 0.46 2.26 X 10-1 84.74 3.3a
1.59 X 10-1® 9.52 X 10-1® 2.45 1.21 X 10-1 101.5 3.3b
8.33 X IQ-i^ 9.98 X 10-1® 4.31 1.14 X 10-1 123.7 3.3c
5.64 X 10-1^ 1.01 X 10-12 5.91 1.12 X 10-1 145.5 3.3d
4.27 X 10-1^ 1.02 X 10-12 7.27 1.10 X 10-1 166.2 3.3e
A
(  K ' ) k (m - i) Thickness (pc) M  (kgm 2) To(K) Figure
5 X 10-1^ 1 0 -1 7 4.70 1.21 X 10-1 180.0 3.6(i)c, (ii)c
5 X 10-1® 1 0 -1 7 4.22 1.13 X 10-1 113.5 3.6(iii)c, (iv)c
10-1^ 10-1® 2.60 1.30 X 10-1 261.7 3.4a
10-1" 1 0 -1 7 4.31 1.14 X 10-1 123.7 3.4b
1 0 -1 7 1 0 -1 8 4.03 1.10 X 10-1 89.85 3.4c
B
Table 3.3: The thickness, column density At and central tem peratu re To of a gas layer 
supported by Alfven waves for (A) decreasing values of the central mass density (po) 
with a cosmic-ray ionization rate { =  damping 10“ ^'^m~^ and (B) decreasing
values of the cosmic-ray ionization rate {() and damping (k) w ith a central mass density 
Po =  8.33 X 10“ ®̂ kgm "^. The therm al equilibrium of the layer is determined by the 
carbon monoxide cooling Aco, the cosmic-ray heating Per and the wave heating 
(Eq. 3.11). The final column of each table gives the corresponding mass density ratio 
and tem perature profiles.
Table 3.3).
The mass density ratio profiles plotted in Figure 3.3(i) show an increase in mass 
density away from the central plane (see Chapter 2, Equation (2.38) and F igure 2.5). 
This bump in density is reflected in the tem perature profiles, which show an initial 
decrease in the tem peratu re of the layer. The decrease results from the combined in­
fluences of an increase in carbon monoxide cooling and a decrease in the wave heating 
(as can be seen from Eq. 3.15). A similar effect is observed when the strength of the 
damping is varied, as shown in Figure 3.4. For the strongest value of the damping 
{k =  10“ ®̂ m~^) the three-fold increase in the mass density ratio, and the correspond­
ing rapid decrease in the wave energy density (see Figure 2.9) combine to reduce the 
tem peratu re of the layer by more than a factor of two (through Eq. 3.15). As a result 
th is model cloud shows a large overall decrease in tem perature from the centre of the 
cloud to the ou ter edge, as determined by the thickness of the layer. This is in contrast 
to the o ther profiles p lo tted in Figures 3.3 and 3.4, which show th a t including the wave
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F igure 3.4: The (i) mass density ratio p/pQ and (ii) tem perature T  plo tted against
the height 2 for a central mass density />o =  8.33 X kgm~^, cosmic-ray ioniza-
16and decreasing values of the damping: (a) A; =  10 mtion rate (  =  10“ ’̂̂ s“ ^
(b) k =  10“ ^̂  m “  ̂ and (c) k =  10“ ®̂ m~^. The thermal equilibrium of the layer is 
determined by the carbon monoxide cooling Aco, the cosmic-ray heating Per and the 
wave heating (Eq. 3.11). See Table 3.3 for details.
heating in the therm al equilibrium results in a general increase in tem perature from 
the central plane (2 =  Q) to the edge of the cloud.
Figure 3.5 illustrates the relative contributions of the heating processes (Pgr and 
Pw) for two values of the damping. If the damping is strong, k = 10~^® m“ ,̂ then the 
wave heating dominates the cosmic-ray heating in the central regions of the cloud and 
thus the behaviour of the mass and wave energy densities control the initial evolution 
of the tem perature profile (compare Figures 3.5(i) and 3.4(ii), curve a). Conversely, a 
weak value for the damping, k =  10~^® m~^, means th a t the cosmic-ray heating takes 
the dom inant role, the wave heating provides only a slight increase in tem peratu re as 
the height above the central plane increases (compare Figure 3.5(ii) with Figure 3.4(ii), 
profile c).
A comparison between the isothermal model of Alfven wave support (Chapter 2) 
and the tem perature-dependent models including and excluding wave heating is drawn 
in Figure 3.6 and Table 3.4. Figure 3.6 shows the mass density ratio and tem peratu re 
profiles of model clouds for two values of the cosmic-ray ionization rate ((). As expected 
the value chosen for (  effects both the struc tu re and tem perature of the cloud as 
well as the relative importance of the wave heating. If the ionization rate is high, 
C =  5 X 10"^^ s"^, then the change induced in the density profile by including the 
wave heating is minor, the thickness of the slab is increased by only a fraction of a 
parsec (see Tables 3.2 and 3.3). Likewise, the increase in the central tem peratu re of
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F igure 3.5: The carbon monoxide cooling (Ac^), cosmic-ray heating (Per) and
Alfven wave heating (P^) plo tted against the height z for a central mass density 
Po = 8.33 X 10“ ^̂  kgm~^, cosmic-ray ionization rate (  = 10“ ’̂̂ s“  ̂ and decreasing val­
ues of the damping: (i) k =  10“ ®̂ m~^ and (ii) k = 10“ ®̂ m“ .̂
the cloud is less significant when compared to the change from the isothermal model; 
however, including does mean th a t the tem perature is no longer at a constant value 
throughou t the cloud. Simply reducing the cosmic-ray ionization rate by an order of
magnitude, (  =  5 x 10 ^®s greatly increases the significance of introducing the wave
heating into the therm al equilibrium (as shown in Figure 3.6).
Po (kgm 3) Z7o(Jm-3) Thickness (pc)
Isothermal P^ =  0 PtUT^O
1.75 X 10-^^ 0 0.20 0.46 0.46
1,59 X 10-1® 9.52 X 10-1® 1.97 2.41 2.45
8.33 X IQ-i® 9.98 X 10-1® 3.70 4.18 4.31
5.64 X 10-19 1.01 X 10-12 5.19 5.72 5.91
4.27 X 10-19 1.02 X 10-12 6.47 7.03 7.27
Table 3.4: The thickness of the gas layer for the isothermal model, and the tem perature- 
dependent models excluding (P^u =  0) and including (P^ ^  0) the wave heating for a 
cosmic-ray ionization rate (  =  10~^’̂ s“ ,̂ damping k =  and decreasing values
of the central mass density (po) •
Table 3.4 and F igure 3.6 clearly show th a t the extent of the layer is enhanced by 
the introduction of tem peratu re dependence into the model, and then again by the 
inclusion of the wave heating. This correlation is clear given th a t an increase in the 
tem peratu re of the layer raises the gas pressure, which in tu rn provides more support
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Figure 3.6: The (i), (iii) mass density ratio p/po and (ii), (iv) tem peratu re T  plo tted 
against the height 2 for (a) the isothermal model, (b) the tem perature-dependent model 
in the absence of wave heating ( r ^  =  0) and (c) the tem perature-dependent model in 
the presence of wave heating (F^ ^  0). The curves are plotted for a central mass density 
Po =  8.33 X lQ“ i® k gm “ ^, damping k  =  10“ ^̂  m “  ̂ and two values of the cosmic-ray 
ionization rate: C =  5 X 10~^^s“  ̂ in graphs (i) and (ii), and (" =  5 X 10~^®s“  ̂ in graphs 
(iii) and (iv).
against the self-gravity and hence increases the thickness of the gas slab. In summary, 
th is simple model of the therm al equilibrium has shown th a t the Alfven waves used to 
support the cloud can play an im portant role in heating the cloud and subsequently in 
determining its thickness.
3.3 M od el II: M olecular and ionized carbon (C^) cooling
The simple model for the therm al equilibrium adopted in the previous section success­
fully showed th a t Alfven wave heating could be im portant in low-mass star-forming 
regions. However, the tem peratures found in the model clouds (see F igure 3.3 for ex­
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ample) are high compared to the observed value of 10K (Shu et al, 1987; Myers 1999). 
In th is section a fuller treatm ent of the cooling processes found in molecular clouds is 
adopted — the to tal molecular cooling as determined by Goldsmith &; Langer (1978), 
together with the cooling contribu ted by ionized carbon.
3 .3 .1  T h e coo lin g
The formulae given in Table 3.1 express the to ta l cooling rate a t a given hydrogen 
number density, for a number of molecules including carbon monoxide and water (for 
a comprehensive list refer to GL78). These formulae were determined by GL78 for 
number densities in the range 10^ m “  ̂ to 10^^ m “  ̂ and tem peratures (T) in the
range 10 K to 60 K, and they can be w ritten in the form
Amo/ =  , (3.23)
where a and b are dependent on the density of the region. Following Lis & Goldsmith 
(1990), a and 6 can be fitted using a polynomial in order to obtain an analytical formula 
for the to tal cooling rate (Amo/)- These are chosen to be
logio a =  0.44 a; -  31.17 (3.24)
and
10.53 a; < 6-0 .0 3  +  0.74 -  6.68 a; -f-14.13 6 < æ < 11 (3.25)2.91 z > 11
where x =  log^g (?%% Is given in m “ ^), as shown in F igure 3.7. The best-fit 
polynomial chosen to model b is set to a constant upon reaching its maximum (at 
~  10^  ̂ m "^), thus avoiding a decrease in the value of th is coefficient for densities 
nH2 > 10^  ̂ m “^. In addition, b is also set to a constant value a t low number densities 
^  10^ m "^), at the point where the cubic reaches a m inimum. This form of cubic 
fit is necessary to avoid the coefficient b falling to zero as the density decreases.
The molecular cooling formula (Eq. 3.23) is valid up to tem peratu res of ~  60 K, 
bu t the results found in the previous model (Section 2.3) suggest th a t the tem perature 
can become higher than this. Consequently, following the discussion of the cooling 
processes in Section 1.2, the cooling due to ionized carbon (C"^) is also introduced into
the therm al equilibrium. It is given by the expression
=  8 X 1 0 -^  e -T  (3.26)
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Figure 3.7: The density dependence of the coetRcients a and 6 in Equation (3.23). The 
plus symbols (+) represent the original values from GL78 and the solid lines (—) show 
the polynomial fits used within this study (Eqs 3.24 and 3.25).
(Dyson & W illiams 1997) in SI units, where Uq is the number density of electrons and 
nc+ is the number density of ions. These densities are estim ated from the paper 
by de Jong, Dalgarno & Boland (1980), to be
n. _  _  jg -6 .0 -2 .5 tan h (A t,-1 .0 )
Ur  Ur  ’ (3.27)
where u r  is the number density of hydrogen nuclei and Ay is the visual extinction into 
the cloud. The gas-to-extinetion ratio
% 1.25 X lÔ GAy (3.28)
(Dickman 1978) in SI units, relates the visual extinction to the molecular hydrogen 
column density N r ^. In the context of the models used to describe Alfven wave support, 
the mass column density a t a height z is given by
^  =  V o  -  2xG ’
(3.29)
using the equation of self-gravitation (Eq. 3.7). This translates to a number column 
density of
M





Ay =  -  {g{zb) -  g{z)) ,
27rGm
where g{zb) is the value of the gravity a t the outer boundary of the model cloud.
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The molecular cooling (Eq. 3.23) and the cooling by the C*̂  ion (Eq. 3.26) will both 
be used in the following section to model the thermal equilibrium of a gas layer, which 
is in mechanical equilibrium between its self-gravity, the gas pressure and an Alfven 
wave pressure force.
3 .3 .2  T h e  eq u ation s
W ith in this second description of a tem perature-dependent model of Alfven wave sup­
port, the equilibrium and self-gravitation equations (Eqs 3.6 and 3.7),
and
are joined by the equation of therm al equilibrium
A-mol 4“ =  Egr "h , (3.31)
which describes the balance between the molecular (A^o/) and ionized carbon (Ac+) 
cooling and the cosmic-ray (E^r) and wave (E^,) heating. The natu re of Equation (3.31) 
precludes the determination of a simple expression for the tem peratu re and so, in this 
instance, the mass density (/?), the gravity {g) and the tem perature (T) are treated as 
the three dependent variables. Thus the therm al equilibrium equation is differentiated 
w ith respect to the independent variable height (z) to obtain an expression for dT/dz .  
Considering each contribution to the therm al equilibrium equation in tu rn, shows th a t 
the derivative of the cosmic-ray heating (Eq. 3.1) is
^  =  8 .33x  1 0 " C ^ .  (3.32)
where (  is the cosmic-ray ionization rate, while tha t for the Alfven wave heating 
(Eq. 3.14) is given by
dz ^  T z \ - ^ p )  ■
From the description of the wave energy density (17), in Equation (3.8), this expression 
can simply be w ritten as
^  = - 1 0 “ ® ( 3 . 3 4 )  
dz ^
where k is the damping param eter and C/q, po are the wave energy density and mass 
density a t the central plane.
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The molecular cooling, which is described by Equation (3.23) differentiates to
where the derivatives of the coefficients a and h (Eqs 3.24 and 3.25) are
^  =  =  (3.36)
dz dp dz p dz '
plus
Ê  =  =  +  1-48 * -  5.68) ^  6 < .Ï < 11 (3.37)
and dh/dz  =  0 for æ < 6 and x  > 11, given th a t x =  log^g where rif/j =  p/2.3rriH 
(Shu et al. 1987). The final term  in the therm al equilibrium equation (Eq. 3.31) is th a t 
describing the cooling by the C+ ion (Eq. 3.26). By defining
[  n-H J
f {p)  =  8 X 10-^® ( n% (3.38)
th is cooling term  may be differentiated w ith respect to the height (z ) , to give
dz  T ^ n  I r  2 ) ' ^  s / T d z '  (^59)
where
Ay is the visual extinction (Eq. 3.30) and F  =  [nc+lnn)'^ is given by Equation (3.27). 
Combining the derivatives for each of the heating and cooling mechanisms (Eqs 3,32, 
3.34, 3.35 and 3.39) results in an expression for the tem perature derivative of
dT __ Q dp R
dz S  dz 6* ’
where Ç, R  and S  are described by the expressions
Q ^ a - T * { a b ' \ n T  + a') -  ,
p V T
R  =  +  -Z— — ------- i l  sech^(7l„ -  1.0),
m  V T  logio e
(3.41)
and
5  =  ( f  -  i
given th a t a — 8.33 X 10®(, /3 =  10 ^k'^Uo/^/po^ a' ~  da/dp  and b' =  dh/dp.
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The equations describing this tem perature-dependent model have now become the 
equilibrium equation (Eq. 3.6), which can be expanded to
f t  +  =
given th a t dUfdz  is described by Equation (3.17), where U =  Uoy^e~^^ jy/pd (Eq. 3.8); 
the self-gravitation equation (Eq. 3.7)
^  =  4 t G p  
dz
and the equation for the tem peratu re (Eq, 3.41)
These equations give three first-order differential equations describing the mass density 
(p), the gravity {g) and the tem peratu re (T) in term s of the height {z) above the central 
plane. In the following section they will be solved, subject to the boundary conditions 
p = Pq, g z= Q and T  =  To at z =  0, to give the mass density and tem perature profiles 
of model clouds.
3 .3 .3  R esu lts
Following the analysis of the previous tem perature-dependent model (Section 2.3) the 
values of the mass density and wave energy density at the central plane (po and Uq) are 
taken to be known quantities. This allows the results generated within this section to 
be compared to those for an isothermal model of Alfven wave support (Chapter 2). By 
choosing po and Uq the central tem perature (Tq) can be calculated prior to solving the 
differential equations (Eqs 3.42, 3.7 and 3.43) by considering the therm al equilibrium 
equation (Eq. 3.31) at the central plane.
The specifications of th is model allow the to tal pressure of the system, which is 
given by
Ptot = P + U ,
where P  is the gas pressure (Eq. 3.9) and U is the wave energy density (Eq. 3.8), 
to be treated as a reasonable physical quantity. As such, the equations describing 
th is model (Eqs 3.42, 3.7 and 3.43) are integrated ou t to the height a t which the 
to ta l pressure {Ptot) equals the interstellar medium (ISM) pressure uh^T  = 10'^cm“ ^K  
(e.g. Suchov et al. 1993). This height is defined to be the ou ter edge of the model cloud 
and hence the column density of the layer is now calculated from the expression
— \l  (-̂ 0 +  %  — Pism) , (3.44)





1 20 3 4 5 0 1 2 3 4 5
z (pc) z (pc)
F igure 3.8: The (i) mass density ratio p/po and (ii) tem perature T  plo tted against the 
height z for a cosmic-ray ionization rate (  =  10 damping k = 10"^ m"^ and 
increasing values of the central wave energy density ( U q ) from a -  d. The vertical line 
on each profile marks the edge of the cloud as given by the ISM pressure. The therm al 
equilibrium of the layer is determined by the molecular cooling Amoh th s  ionized carbon 
cooling Ac+ and the cosmic-ray heating Ter- See Table 3.5 for details.
where Pq and Uq are the gas and wave pressures at the central plane (z =  0) and Pism 
is the ISM pressure.
F igure 3.8 shows the mass density ratio (p/po) and tem perature (T) profiles of 
four model clouds in the absence of any heating by the Alfven waves (T̂ u =  0). The 
small vertical lines on each profile indicate the point a t which the to ta l pressure of the 
gas layer has fallen to the ISM value, i.e. the edge of the model cloud. The resulting 
thickness of the cloud, together with its central tem perature is listed in Table 3.5, along 
w ith the column density (Eq. 3.44) and the thickness of the cloud as determined by 
the height at which the mass density has fallen by a factor of e (see also Section 2.3). 
These values, coupled w ith F igure 3.8, show th a t when the wave heating is excluded 
from the therm al equilibrium equation (Eq. 3.31) the tem perature w ithin the model 
cloud remains almost constant, varying by less than a degree between the centre and 
edge of the layer. Increasing the amount of Alfven wave support (increasing the value 
of the central energy density U q ) and hence enhancing the thickness of the cloud, has 
very little influence on the tem perature of the gas, which is to be anticipated given 
th a t Fio =  0.
Figure 3.9 and Table 3.6 detail how th is situation is altered when the heating 
generated by the Alfven waves is included w ithin the therm al equilibrium. Introducing 
Fw primarily effects the evolution of the tem perature as the height above the central 
plane increases, and as a result influences the extent of the model cloud. Table 3.6 shows
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A Po (kg m 3) [fo (J m-3) Thickness (pc) M  (kgm  2) To(K) Figure
1/e ISM
1.59 X 10"^® 9.52 X 10-1® 1.91 4.05 9.02 X 10-2 6.76 3.8a
8.33 X 10-^^ 9.98 X 10-1® 3.63 5.83 9.16 X 10-2 6.72 3.8b
5.64 X 10-19 1.01 X 10-12 5.12 6.97 9.19 X 10-2 6.69 3.8c
4.27 X 10-19 1.02 X 10-12 6.38 7.81 9.23 X 10-2 6.65 3.8d
B k (m -i) Thickness (pc) M  (kgm 2) To(K)
1/e ISM
5 X 10-1^ 
5 X 10-1® 
1 0 -1 ^  
1 0 -1 ^  
10-1"^
1 0 - iT
10-1'^
10-1®
1 0 -1 7





















Table 3.5: The thickness, column density M  and central tem peratu re To of a gas 
layer supported by Alfven waves for (A) increasing values of the central wave energy 
density { U q ) w ith a cosmic-ray ionization rate (  =  10“ ^^s“ \  damping 10“ '̂̂  m “  ̂ and 
(B) decreasing values of the cosmic-ray ionization rate (() and damping {k) w ith a 
central mass density pq = 8.33 X 10“ ®̂ kgm~^. The thermal equilibrium of the layer 
is determined by the molecular cooling Amoh the ionized carbon cooling Aq^- and the 
cosmic-ray heating Fc,.. The final column of table (A) gives the corresponding mass 
density ratio and tem perature profiles.
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Figure 3.9: The (i) mass density ratio p/pQ and (ii) tem perature T  plotted against 
the  height z for a cosmic-ray ionization rate (  =  10“ ^̂  s“ ,̂ damping h ~  10"^’̂ m"^ 
and increasing values of the central wave energy density (% ) from a -  d. The vertical 
line on each profile marks the edge of the cloud as given by the ISM pressure. The 
therm al equilibrium of the layer is determined by the molecular cooling KmoU the ionized 
carbon cooling Acf+, the cosmic-ray heating Fc- and the wave heating F^ (Eq. 3.31). 
See Table 3.6 for details.
how increasing the value of the central wave energy density heats the central plane of 
the  gas layer up to  tem peratures of rv 20 K for the maximum wave support considered 
here. As in the previous model, the bump in mass density away from the central plane 
causes a corresponding dip in the gas tem perature; however, the wave heating is shown 
to give rise to a general increase in tem perature towards the edge of the cloud. The 
overall enhancement in T  from the centre {z = 0) to the edge {Ptot = Pism) of these 
model clouds is ~  15 -  20 K (see F igure 3.9(ii)).
The contributions of each of the heating and cooling processes in a typical model 
cloud { U q — 9.98 X 10“ ^^J m~^, (  =  10~^^s~^, k ~  10“ ’̂̂ m"'^) are shown in Figure 3.10. 
It can be seen th a t the Alfven wave heating (F^u) dominates the cosmic-ray heating 
(Fcr) throughou t the gas layer and thus is clearly a significant heating mechanism. 
Similarly, the molecular cooling (Amo/) is by far the more im portant of the two cooling 
mechanisms. As the tem peratu re of the cloud begins to rise (see F igure 3.9(ii)) the 
cooling due to the ionized carbon (Ac+) becomes more im portant. However, given 
th a t the central regions of the cloud in particular, are at relatively low tem peratures 
the molecular species are the main contribu ters to the cooling of the gas.
Of particu lar interest w ithin this model is how the profiles of density and tem ­
peratu re are effected as the damping param eter [k) — which influences the wave 
heating (Eq. 3.14) — and the cosmic-ray ionization rate (() are varied. Firstly, Fig-
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A Po (kgm 2) % (J m -» ) Thickness (pc) M  (kgm  2) 2o(K ) Figure
1/e ISM
1.59 X 10-1» 9.52 X 10-1» 1.91 4.18 9.08 X lQ-2 8.70 3.9a
8.33 X IQ-i^ 9.98 X 10-1» 3.63 6.00 9.25 X 10-2 12.15 3.9b
5.64 X 10-1^ 1.01 X 10-12 5.12 7.16 9.30 X 10-2 16.59 3.9c
4.27 X 10~i® 1.02 X 10-12 6.38 8.01 9.35 X 10-2 21.98 3.9d
B (  ( s - ' ) k  (m 1) Thickness (pc) M  (kgm 2) To (K) Figure
1/e ISM
5 X 10-1^



















9.40 X 10-2 
9.23 X 10-2 
9.66 X 10-2 












Table 3.6: The thickness, column density M  and central tem perature To of a gas 
layer supported by Alfven waves for (A) increasing values of the central wave energy 
density (Uo) w ith a cosmic-ray ionization rate (  =  10“ ’̂̂ s~^, damping 10“ ^̂  m “  ̂ and 
(B) decreasing values of the cosmic-ray ionization rate (() and damping (/s) with a 
central mass density po =  8.33 X 10” ^̂  kgm “ ^. The therm al equilibrium of the layer is 
determined by the molecular cooling Amoi, the ionized carbon cooling A c + , the cosmic- 
ray heating Fc,. and the wave heating F̂ u (Eq. 3.31). The final column of each table 
gives the  corresponding mass density ratio and tem perature profiles.
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F igure 3.10: The molecular cooling ionized carbon cooling (Ac+), cosmic-ray
heating (Per) and Alfven wave heating (P^,) plotted against the height z for a central 
wave energy density Uq =  9.98 X 10“ ^̂  J m~^, cosmic-ray ionization rate Ç 
and damping k ~  10"^^ m"^.
ure 3.11 shows three model clouds each with a different value for the  damping, from 
k =  10“ ®̂ m“  ̂ for strong damping to ^ =  10“ ®̂ m “  ̂ for weak damping. These profiles 
show th a t k can play a m ajor role in determining the properties of the model cloud (see 
also Table 3.6). If the damping is at its strongest then the large increase in mass density 
away from the central plane causes the tem perature to drop rapidly; consequently, the 
to ta l pressure of the system falls to the interstellar medium value before the density has 
fallen by a factor of e from its central value. In this case the model cloud is noticeably 
cooler at its edge than  a t the central plane. This situation is reversed as the damping 
is reduced. Indeed, for the weakest value of the damping there is no increase in mass 
density away from the central plane and the tem perature continually increases as the 
height (z) increases. The changes induced in the density and tem peratu re profiles by 
varying the cosmic-ray ionization rate (() are less dram atic. The curves of the mass 
density ratio [p/po) p lo tted in Figure 3.12(1) show th a t varying the ionization rate by 
an order of magnitude (from (  =  5 x 10“ ^̂  s“  ̂ to (  =  5 x 10“ ®̂ s“ ^) has very little 
effect on the thickness of the gas layer (see also Table 3.6). However, the higher values 
of the ionization rate have increased the tem perature throughou t the cloud by a t most 
~  10 K (see F igure 3.12(ii)).
To be able to note the effect these two param eters have in the absence of, as well as 
in the presence of wave heating (Fw), F igure 3.13 shows how the central tem peratu re 
(To) and thickness (as determined by the ISM pressure) of the model clouds vary over a 
range of values of the damping (fc) and the cosmic-ray ionization rate  ((). F igure 3.13(i) 
and (ii) reveal th a t while the central tem perature is increased by a factor of four as
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F igure 3.11: The (i) mass density ratio p/po and (ii) tem peratu re T  plo tted against 
the height z for a central wave energy density Uq =  9.98 X 10~^^ J m~^, cosmic-ray 
ionization rate { — 10~^^s~^ and decreasing values of the damping: (a) k =  10~^®m“ ,̂ 
(b) k = 10“ ^̂  m~^ and (c) k =■ 10"^^ m“ .̂ The vertical line on each profile marks 
the edge of the cloud as given by the ISM pressure. The therm al equilibrium of the 
layer is determined by the molecular cooling KmoU the ionized carbon cooling A(^+, the 
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Figure 3.12: The (i) mass density ratio p/po and (ii) tem peratu re T  plo tted a- 
gainst the height 2 for a central wave energy density U q =  9.98 X 10“ ^̂  J m “ ^,
damping k — 10 m  ̂ and decreasing values of the cosmic-ray ionization rate:
(a) C =  5 X 10-1^ (b ) (  =  1 X 10 - 1 7  g - 1 and (c) (  =  5 X 10' The ver­
tical line on each profile marks the edge of the cloud as given by the ISM pressure. 
The therm al equilibrium of the layer is determined by the molecular cooling Amoh 
the ionized carbon cooling , the cosmic-ray heating F^r and the wave heating F^ 
(Eq. 3.31). See Table 3.6 for details.
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Figure 3.13: The thickness and central tem perature T q of a gas layer with central wave 
energy density U q = 9.98 x 10“ ^̂  J m “  ̂ for (i), (ii) varying values of the damping 
param eter {k) with a cosmic-ray ionization rate (  =  10"^^s"^, and (iii), (iv) varying 
values of the cosmic-ray ionization rate (() with a damping k — 10“ ’̂̂ m“ .̂ The curves 
are plo tted (a) in the presence of wave heating (Ft,, ^  0) and (b) in the absence of wave 
heating (F^ =  0).
k reaches its strongest value, the actual extent of the cloud is altered very little by 
the inclusion or exclusion of F^. It can also be observed th a t very weak values of the 
damping, k % 10“ ®̂ m^^, minimise the significance of including the waVe heating in 
the therm al equilibrium. A similar effect is apparent when the cosmic-ray ionization 
rate  is increased to higher values, as can be seen in Figure 3.13(ii).
In order to directly compare the results generated by including and excluding the 
Alfven wave heating (F^) the central tem peratures and thicknesses of the model cloud- 
s have been drawn together in Table 3.7. This comparison shows th a t for a typical 
damping k and cosmic-ray ionization rate ( , including Tyj in the therm al equilibri­
um has significantly influenced the properties of the model clouds, particularly as the 
Alfven wave support is improved (the central wave energy density U q is increased).
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po(kgm  ^) Uo (J m-®) Central Tem perature T q (K) Thickness (pc) (ISM)
=  0 ^  0 Fw =  0 Tw 5̂  0
1.59 X 10-1® 9.52 X IQ-i® 6.76 8.70 4.05 4.18
8.33 X 10-1^ 9.98 X 10-1® 6.72 12.15 5.83 6.00
5.64 X IQ-i^ 1.01 X 10-12 6.69 16.59 6.97 7.16
4.27 X IQ-i^ 1.02 X 10-12 6.65 21.98 7.81 8.01
Table 3.7: The thickness and central tem perature (To) of the gas layer in the absence of 
wave heating (Tu, =  0), and in the presence of wave heating (T^ ^  0) for a cosmic-ray
ionization rate C =  10 s \  damping A; =  10 m  ̂ and increasing values of the 
central wave energy density (Tq).
The most im portant effect is on the struc tu re of the tem perature profile with height, as 
can be seen in Figure 3.14. In the absence of wave heating the tem perature through­
ou t the layer remains approximately constant (as in the isothermal model) a t ~  7 K; 
switching on the wave heating results in a greater central tem peratu re and an overall 
increase in tem perature from the central regions to the edge of the cloud. These higher 
tem peratures enhance the gas pressure which is acting to support the layer against its 
self-gravity and hence slightly increase the thickness of the model cloud.
3.4 D iscussion
The work presented in th is chapter has discussed aspects of the therm al equilibrium 
in low-mass star-forming regions, in the presence of an Alfven wave pressure which is 
supporting the cloud against its self-gravity. Of particular interest is the role th a t the 
Alfven waves supporting the cloud have in heating the gas. Ultimately, the therm al 
equilibrium is chosen to be described by the combined cooling of a number of molecular 
species together with ionized carbon, and the heating generated by cosmic rays and the 
Alfven waves. The model shows th a t neglecting the heating by the waves results in an 
almost constant tem perature throughou t the cloud. However, the introduction of wave 
heating into the therm al equilibrium can have a significant efifect on the tem peratu re 
profile depending upon the relative contributions of each heating mechanism. W ithin 
this description the contribution of the cosmic-ray heating is determined by the ion­
ization rate ((), while th a t of the wave heating is given by the central wave energy 
density (Z7o) and, in particu lar, the damping (k). While the introduction of Alfven 
wave heating can cause an initial decrease in the tem perature of the model clouds, it is
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F igure 3.14: The (i) mass density ratio p/po and (ii) tem perature T  plotted against 
the height % for (a) the tem perature-dependent model in the presence of wave heat­
ing {Tyj ^  0), (b) the tem perature-dependent model in the absence of wave heating 
(Fw =  0) and (c) the isothermal model. The curves are plo tted for a central wave en­
ergy density U q = 9.98 x 10“ ^̂  J m“ ^, a cosmic-ray ionization rate (  =  10"^^ s“  ̂ and 
damping k = 10“ ^̂  m"^. The vertical line on each profile marks the edge of the cloud 
as given by the ISM pressure.
shown to generate a substantially higher tem perature at the edge of the layer than  in 
the central regions. This overall difference in tem perature is deduced, from the results 
of the tem perature-dependent model, to be a factor of ~  2; the central tem peratures are 
~  10 -  20 K while the tem peratures at the edge of the layer are found to be ~  25 -  35 K 
for the typical param eters considered here. These tem peratures are higher than the 
observed values although given the approxim ate nature of the cooling, particularly at 
low number densities (see Section 3.1), a strict comparison w ith the observations is not 
viable.
It is im portant to note th a t the initial decrease in tem peratu re is a result of the 
increase in mass density away from the central plane, which was shown in Chapter 2
to be an artefact of assuming a central source plane. If a d istribu tion of sources is
considered then the symmetry of the model abou t the central plane of the gas layer 
would in fact preclude any contribution from the wave heating to the central tem pera­
ture^, which is therefore determined solely by the cosmic-ray heating and the cooling.
^In Section 1.1 the wave heating was shown to be described by the expression (Eq. 3.3)
_ Bo d f  U
If there is a density-dependent distribution of wave sources then both the wave energy density and 
mass density are symmetric about the central plane (2 =  0) and thus T ^ ( z  =  0) = 0.
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Thus the introduction of this form of wave support and subsequent wave heating would 
generate no decrease in tem peratu re away from the central plane bu t simply a  gradual 
increase with height, upwards from values of ~  7 K (see Section 3.3). In comparison 
to the tem perature profiles associated w ith ju s t cosmic-ray heating, which have been 
shown to be almost constant, there would still be an increase in tem peratu re toward- 
8 the ou ter regions of the cloud. In the work of McKee & Zweibel (1995) the wave 
pressure supporting the cloud was modelled by a polytropic equation of s ta te  (Chap­
ter 1, Section 3.1). By assuming hydrostatic equilibrium (a constant to tal pressure) 
they concluded th a t a molecular cloud supported by Alfven waves should be ho tter on 
the outside than on the inside. This deduction is in agreement w ith the results of the 
self-consistent model described in th is chapter, which suggest a factor of approximately 
two increase in tem perature through the model clouds.
In the general context of heating the molecular gas by the dissipation of magne- 
tohydrodynam ic waves it is im portant to regard those waves which do no t support 
the cloud bu t which nevertheless will be generated by the motions of the gas. As dis­
cussed in Chapter 1, Zweibel & Josafatsson (1983) showed th a t compressive waves and 
waves with shorter wavelengths, particularly those which propagate perpendicular to 
the magnetic held, will rapidly dissipate into shocks and subsequently heat the gas. 
This wave damping will provide a local heating mechanism in the vicinity of the wave 
sources, probably in the central regions of the cloud. As mentioned in Section 1.1 , the 
very low-energy cosmic rays travelling through the cloud can be scattered by magnetic 
waves and in th is manner actually shield some regions of the gas from these charged 
particles (Cesarsky k  Volk 1978; Farquhar et al. 1994). This shielding will be more 
efficient in regions where there are more waves which are resonantly excited by the 
cosmic rays (Cesarsky k  Volk 1978), perhaps close to the wave sources. Nevertheless, 
while these regions may have a slight reduction in the cosmic-ray heating they will have 
the additional local heating a ttribu ted  to the damping of waves close to the source.
In summary, it has been shown th a t the Alfven waves can be an im portant global 
heating mechanism. A low-mass star-forming region supported against its self-gravity 
by these waves will have tem peratures at the edge of the cloud which are higher than 
those found in the central regions.
Chapter 4
A  non-W K B  m odel of 
A lfven wave support
Only two things are infinite, the universe and human stupidity, and Pm  not 
sure about the former,
Albert Einstein
The WKB approximation is an asym pto tic method for solving differential equations 
which contain a large param eter. For wave equations in a non-uniform medium it can 
be applied when the medium varies over a scale much larger than the wavelength of 
the waves propagating w ithin the medium (see also Chapter 2 and Appendix A ). In the 
case of low-mass star-forming regions this assumption may no t always hold true and 
thus it is im portant to consider the role of Alfven wave support in the absence of this 
assumption.
As discussed in C hapter 1 (Section 1.4), in order for the Alfven waves to be able to 
provide support to the whole cloud and not just the ionic component, there needs to be 
very good coupling between the ions and the neutrals through ion-neutral friction. This 
results in a m inimum period for the Alfven waves of ~  10® yr which when combined 
w ith a typical Alfven speed of ~  4.5 km s~^ gives a wavelength of ~  0.5 pc. Given th a t 
low-mass star-forming regions have radii of a few parsecs (~  2 -  5 pc; Shu et al. 1987) 
the  wavelength of these waves is clearly not much smaller than the scale-length over 
which the clouds vary. Thus, exam ining the role of long-wavelength Alfven waves in 
supporting a low-mass star-forming region against its self-gravity, parallel to its ordered 
magnetic field, is extremely valuable and will be considered in detail in this chapter.
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4.1 T h e m odel
In detail, this non-WKB model is described by
mass density: p =  p{z)
gravity; g =  -g { z )  z
velocity: v  =  % (z ,() x-f- Vy{z,t) y
magnetic field: B =  5q z -f 63,(2:, t) x - f  b y { z , t )  y
pressure: P  =  p{z) (?
where all of the gradients are taken to be in the z-direction. It is assumed to be
isothermal, with a sound speed c, and in the perfectly conducting limit. The velocity
perturbation together with the subsequent magnetic field perturbation, is taken to be 
Alfvénic and circularly polarised in nature, viz:
V =  u(z) cos (wt — (̂ 2(2)) X H- u(z) sin [ojt -  ^ 2(^)) Y ,
b =  b{z) cos (w  ̂-  (f>i{z)) X -}- b{z) sin {ut -  (l>i{z)) y , (4.1)
where w is the frequency, v, b are the respective amplitudes and <̂2, </>i are the respective 
phases. Such perturbations do no t induce any compression in the gas. It is assumed 
th a t all of the wave sources lie in a central source plane, and th a t the damping of the 
waves is by the linear process of ion-neutral friction.
R e la tio n  to  th e  W K B  m o d e l
The model discussed above is directly equivalent to th a t outlined for the WKB work 
(see Chapter 2) in all aspects except the description of the velocity and magnetic field 
perturbations. These perturbations are defined as Alfvénic and linearly polarised w ithin 
the WKB regime, bu t as Alfvénic and circularly polarised in this non-WKB model. The 
linearly polarised waves are described by an equation of the form
V  =  u ( z , t )  X  =  ^V{z) x |
b =  6(z, X =  IR {^ (z) x }
(Chapter 2 , Section 2.2), where V and B  are the amplitudes, w is the frequency and 
is the phase. In comparison it is possible to write Equation (4.1), describing the 
circularly polarised waves, as
v  =  % {r(z) n }
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b =  K { 6(z )e ‘("‘-«‘'W )n }  , (4.2)
where n =  x  — iy is a complex unit vector in the æy-plane. These descriptions of the 
waves illustrate the equivalence between the models used in the W KB and non-WKB 
regimes.
4.2  T he equations
The magnetohydrodynam ic equation of motion in this one-fluid model (Eq. 1.15), in­
cluding gravity and damping, is
d~v 1 (  \
p „  _j_ ^ (v . V) V =  -  V P  -|- — (B • V) B — V I —  j  +  )0g — Tpv  , (4.3)
where p is the mass density, v  is the velocity, P  is the gas pressure, B  is the magnetic 
field, pi is the magnetic permeability of free space, g is the gravity and P is the damping 
rate  which, for th is model, is assumed to be a constant. The induction equation in the 
perfectly conducting limit (Eq. 1.16) is
—  =  V X (v X B) . (4.4)
W ith in the context of th is model, for wave periods which are shorter than the charac­
teristic free-fall time (Chapter 1, Section 1.4), the time-averaged equation of motion is 
given by
It describes the mechanical equilibrium in the isothermal gas sheet between the gas 
pressure, the Alfven wave pressure and the gravity. The x- and ^/-components of the 
linearised equation of motion and the equation of induction (Eq. 4.4) are
and
respectively.
Given th a t it is the magnetic field perturbation which appears in Equation (4.5) it 
would be ideal to eliminate the velocity perturbation (v) between Equations (4.6) and 
(4.7). It is possible to do this by writing these perturbations in the form
b  =  »  (& (z) a }  , (4 .8 )
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where n  is a complex un it vector in the æy-plane (see previous section). Taking ‘reaP 
and ‘im aginary’ components within this description of the circularly polarised waves 
is equivalent to taking ‘sine’ and ‘cosine’ components within the description given by 
Equation (4.1), given th a t the amplitude of the waves is real. Thus the velocity and 
magnetic held perturbations are now written as
h =  b^(z) n and v  =  u ^ (z ) e*‘̂ * n
and substituted into Equation (4.6) to give
i i( iw + r ) p l f -  
In tu rn, substituting these expressions into Equation (4.7) leaves
6, +  ( i  +  A ) ddz
db„
=  0 , (4.10)dz
where v \  = B q/ pp  is the square of the Alfven speed. Expanding this equation using
=  b(z) (4.11)
(where having eliminated the velocity perturbation f>(z) =  <fi(z)) gives a real pa rt
° ’ (4.12)
and an imaginary part
where F  — u^/(T^ 4- w^). Simply adding and sub tracting these two equations, after 
multiplying each in tu rn  by a factor of P/w, gives
^ 3 . "  n  +  (4.14)
/io;2 dz \ p  d z j  p
and
+  =  (4-45)
where k = dcf/dz, which are two equations describing the propagation of the waves 
through the system. Note th a t the second term in Equation (4.15) is the only term  to 
contain the constant damping.
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Completing the set of equations describing the model are the mechanical equilibrium 
equation (Eq. 4.5) which, given tha t






(note th a t this equation is identically equal to the z-component of the equation of 
motion (Eq. 4.3)); and the self-gravitation equation
dz
4ttGp , (4.18)
where G is the grav itational constant.

















where po is the mass density at the central plane (z =  0), P  is a scale height, is the 
grav ity a t the edge of the cloud (z oo), is the Alfven speed a t the central plane 
(z =  0), w is the frequency and Pq is the uniform background magnetic field. This 
gives the complete set of equations as
d / I  d6\  , / P
1 6
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where the dimensionless param eters are
r
w
A typical low-mass star-forming region has a column density of A t ~  10“  ̂ kgm~^, 
a tem peratu re T  lOK (implying a sound speed of c ~  0 .2 k m s“ ^) and a number 
density TIH2 ~  10^ m~^ ('^ lO^cm"'^), Such values give the param eter a  ~  5, which 
in effect represents the physical properties of the cloud. A typical Alfven speed is 
determined to be va ~  4.5 km s"^ and as such /? 10"^. This param eter represents
the importance of the magnetic field compared to the isothermal gas pressure w ithin 
the cloud dynam ics. The th ird dimensionless param eter is 6 and basically represents 
a WKB approximation parameter] increasing the value of 8 reduces the significance 
of the second-order derivative in Equation (4.19), in effect re-introducing the W KB 
approximation. For a scale height H  ~  0.2 pc and a frequency cj ~  5 X 10” ^̂  s"^, this 
param eter takes a value of 6 ~  10~^. The final dimensionless param eter e is the damping 
parameter. In Chapter 1, Section 1.4 the damping rate (F) is shown to be
r  =  i
2
(Eq. 1.55) where ^ is the ionisation fraction, Pn is the mass density of the neutrals and 
7 is a drag coefficient (Draine et al. 1983; Shu et al. 1987). This expression allows the 
damping param eter to be w ritten as
r  1 w .
6 =  — =   --------, (4.23)
OJ 2 iVrnax
where oJmax — f,Pnl (Eq. 1.49) is the maximum frequency the Alfven waves can have 
whilst still allowing some coupling between the electric and neutral components of the 
molecular cloud. Thus there is a maximum value for the damping param eter of € =  0.5. 
The minimum value the wave frequency can take — determined from the condition 
th a t the wavelength of the Alfven wave must be less than the radius of the cloud (see 
Chapter 1, Section 1.4) — suggests a lower limit on the value of this dimensionless 
param eter of c ~  0.1. Note th a t the higher values of e correspond to stronger damping.
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Exam ining the set of equations (Eqs 4.19 -  4.22) shows th a t there is no explicit 
dependence on the independent variable Ç. Thus it is possible to rew rite these equations 
by tak ing the gravity (g) as the independent variable. Such a description allows the 
equation of mechanical equilibrium (Eq. 4.21) to be integrated to give
12
^ +  ^  =  —<̂ 9̂  +  C  , (4.24)
where the integration constant C  is determined from the boundary conditions (see 
Section 4.2.1); and leaves the remaining equations (Eqs 4.19, 4.20 and 4.22) as
1 1 ^ 
P
d
R elation to the W K B m odel
P
dg






It is useful to note how the dimensionless param eters a , /3, Ô and e incorporated within 
the equations (Eqs 4.19 -  4.22; or Eqs 4.24 -  4.27) relate back to those used to param- 
eterise the WKB model (Chapter 2). In the WKB regime the two param eters used are 
the magnetisation param eter
A Uo
poc^
(Eq. 2.30), which represents the ratio between the wave pressure {U) and the isother­
mal gas pressure {pP) a t the central plane {z = 0), and the damping param eter k 
(Chapter 2 , Section 2.3.2). The param eter A can be described in term s of a  and (3 by
A =  3 7 .9 7 ;9 a (a -1 ) M
-2 B
10“  ̂ kgm   ̂J  VlO n T )




10® m ~^/ \10® y r /  \1 0  nT,
where M  is the column density, B  is the magnetic field strength, is the number 
density and r  is the period of the Alfven waves. Note th a t in the WKB model the 
param eter 6 is effectively set equal to infinity.
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4 .2 ,1  B ou n d a ry  con d ition s
A set of five independent ordinary differential equations describe this model of long- 
wavelength Alfven wave support. The first of these is the wave propagation equation
(Eq. 4.19) which can be w ritten as the two first-order equations
d6
^  =  wp (4.30)
and
^  =  (4.31)
by applying the substitution w = (1/p) dhfdQ. The remaining equations describe the 
variation of the wave amplitude with height (Eq. 4.20)
i  (t)
the mechanical equilibrium of the system (Eq. 4 .21)
and finally, the self-gravitation (Eq. 4.22)
dg ^  p
This fifth-order system of equations, which relates the five dependent variables — the 
mass density p, the gravity g, the wavenumber k, the wave amplitude b and w — to 
the height ( , requires five independent boundary conditions.
The amplitude equation (Eq. 4,20) can be expanded and multiplied through by the 
square of the mass density to give
■ é  ( « ) - « !
As the height above the central plane increases (( -» oo) the mass density decreases to 
zero {p —> 0) and so the amplitude equation (Eq. 4.32) s tates th a t
= (4.32)
P k  —J- 0 as C - 4- oo
i.e. either the amplitude 6 —>■ 0 or the derivative of the phase ^ 0 or both variables
tend towards zero. In the absence of damping the wave flux, which goes as the wave 
energy density (oc P)  multiplied by the Alfven speed (u^), is a conserved quantity. For
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th is condition to be satisfied as C —̂ oo, and hence —> oo, the wave amplitude b 
m ust decrease to zero (6 -^ 0 ) . Introducing the damping into the problem simply adds 
a sink term  to the amplitude equation and as such 6 0 is still valid.
The derivative of the phase (k) has no restriction placed on it either by the physics 
of the model or by the set of equations describing the model and as such may be taken 
to have an arb itrary value a t the central plane. This can be illustrated by considering 
the case w ithou t damping, where Equation (4.20) allows k to be eliminated in favour 
of an integration constant (see also Section 4.3.1). However there is one special case 
to note: at the central plane the value =  1 implies th a t the dimensional variable 
ko — ojfvAoi and thus at C =  0 the equations describing the model (Eqs 4.19 -  4.22; or 
Eqs 4.24 -  4.27) simply reduce to the WKB equations (see C hapter 2 , Section 2 .2 .1), 
the second derivative in Equation (4.19) (or Eq. 4.25) equalling zero.
The next variable to be considered is w. Taking Equation (4.19) and integrating 
over the source (see also Section 4.4),
/: Ao | - l | 6 d C
r+s
m d c , (4.33)
where 6(() is the delta function of wave sources at the central plane (( =  0) and S  is 
the strength of the source, implies th a t
+e
=  S . (4.34)
1 db
Note th a t the  integrand in the second term  of Equation (4.33) is well behaved and 
bounded and thus, as can be seen through a Taylor series expansion, the integral is 
identically equal to zero as £ —̂ 0. Hence the limit of Equation (4.34) (as e 0), given 
the symm etry of the model, implies th a t
S'
Wo — (4.35)
i.e. th a t too is directly related to the strength of the source. It is easy to note the 
restrictions on the value of this param eter. Firstly, from the mechanical equilibrium 






Thus, given th a t the amplitude of the perturbation at the central plane (bo) must be 
positive, the strength of the source (5) must also take a positive value in order to 
avoid an increase in density away from the central plane. Secondly, w ithin this model
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all of the sources are located at the central plane; this discontinuous source of waves 
means th a t the gradient of the wave amplitude is not continuous through the origin, 
i.e. wq 0 .
Finally, at the central plane (C =  0) the mass density has a value of unity (po =  1) 
and the gravity is equal to zero (go =  0). Thus the five independent boundary conditions 
required to solve the equations which describe the model (Eqs 4.19 -  4.22) are
Po =  1
go = 0 
b{co) —> 0 
wq is known 
^0 is known.
Note th a t if the independent variable is chosen to be the gravity (p), and hence the 
model is formulated using Equations (4.24) -  (4.27), the second boundary condition 
listed above is replaced by C (p =  0) =  0 .
By considering the equilibrium equation it is possible to use the th ird boundary 
condition (6(oo) —?■ 0) to obtain an expression for the wave amplitude at the central 
plane (6o). Given that, p =  1, p =  0 and 6 =  6o at (  =  0 the integration constant in 
Equation (4.24) is
and thus the equation becomes
P = l - a p 4 - - ^ ( b l -  P )  . (4.37)
As the height increases ((" oo), and consequently the mass density p —> 0 and the 
grav ity p —̂ 1, the boundary condition 6(oo) —> 0 shows th a t
bo = yj2/3 (a — 1), (4.38)
i.e. the initial value of the magnetic field perturbation is uniquely determined by the 
properties of the gas cloud (the param eter a) and the importance of the magnetic field 
w ithin th a t cloud (the param eter /3).
These boundary conditions dem onstrate th a t a t the central plane the strength of 
the wave source (wo), the derivative of the phase of the wave (^o) and the amplitude of 
the wave (6q, from param eters a  and P) all need to be stipu lated in order to determine 
a solution.
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Figure 4.1; (a) Mass density p and (b) force acting against gravity \d/dC{p + P /2p) \ ,  
plo tted against gravity ^ for a  =  1.0001, (5 =  10“ ^, 6 = 10“ ,̂ ko =  1.25 and wq = 10"^.
The boundary conditions discussed above allow the set of ordinary differential 
equations describing the model (Eqs 4.19 -  4.22; or Eqs 4.24 -  4.27) to be integrated 
as an initial-value problem. The following results are presented to the practical limit 
of numerical accuracy (see Section 4.6.1).
4.3 R esu lts
4 .3 .1  W ith o u t d am p in g
F irstly consider Equations (4.19) -  (4.22) with the appropriate boundary conditions, 
in the absence of damping (e =  0). In this case Equation (4.20) integrates to give
(4.39)
where /  is a constant representing the wave flux. Substituting th is into Equation (4.19) 
and eliminating the derivative of the phase {k) , leaves
=  6 - 1 6 , (4.40)
hence reducing the system of equations by one. Note th a t the constant /  =  b^ko and 
so the following results will be presented in term s of ^o, rather than  / ,  for ease of 
comparison with the results in the presence of damping (e ^  0).
Thus the param eter space consists of a , /3, 6 , k o  and w q . For a fixed value of 
the  param eter /3 the amplitude of the magnetic field perturbation (bo) , and hence the 
s trength of the Alfven wave pressure force term  in the mechanical equilibrium equation
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F igure 4.2: (a) Mass density p, (b) force acting against gravity \d/d({p-i-  6^/2/?)|, 
(c) Alfven wave pressure P /2/5  and (d) derivative of the phase k, plo tted against 
gravity ^ for a  =  5, /5 =  10“ ^, S = 10“ ,̂ &o =  1.25, and Wq = 10“ ^.
(Eq. 4.21), is determined by the param eter a . As expected, for low values of th is 
param eter the density profile of the slab is simply th a t described by the internal gas 
pressure, the Alfven waves having no significant effect (see Figure 4.1). In F igure 4.1 
the profiles of mass density (p) and the force acting against gravity ( |d /d ((p  + P / 2/5) {) 
have been plotted against the gravity (g) rather than the height ((). In term s of the 
height the density profile is simply a sech^ profile as shown in F igure 1.4 of Chapter 1 .
Introducing an Alfven wave pressure force, by setting the param eter a  to a typical 
value, gives the profiles shown in F igure 4.2. For clarity the corresponding profiles 
p lo tted against the dimensionless height (() are shown in Figure 4.3. The sheet has now 
divided into several subsheets which show a decrease in the maximum mass density the 
further the subsheet is from the central plane of the cloud (C =  0 ; p =  0), a struc tu re 
emulated by the profile of the derivative of the phase (k) (see Figure 4.2(d)). The 
force required to support these subsheets against the self-gravity of the layer, shown in
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F igure 4.3: (a) Mass density p, (b) force acting against gravity \d/dÇ(p-{- P /2 /5 )|, 
(c) Alfven wave pressure 6^/2/5, (d) derivative of the phase k and (e) gravity g, plo tted 
against height (  for o: =  5, /5 =  10“ ^, S ~  10“ ^  =  1.25, and iüq =  10“ .̂
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Figures 4.2(b) and 4.3(b), increases away from the centre of the layer for those subsheets 
which represent a substantial fraction of the structure. This correlation is clear given 
the need to balance the increasing force of gravity. The profiles of the wave pressure 
{P/2/3) and gravity (g) w ith dimensionless height (() are shown in Figures 4.3(c) and 
4.3(e) respectively. Both display a step-function-like struc ture as (  - 4- 0 and, correctly, 
P/2(3  - 4- 0 and g 1 (see Section 4.2.1). The location of the subsheets correlate w ith 
the steep changes in gradient observed in these profiles; the change in the wave pressure 
through such a sheet acts to support it against the self-gravity of the system. Thus the 
introduction of long-wavelength Alfven waves into the system has divided the gas layer 
into distinct subsheets which are held against the gravity of the layer by the Alfven 
wave pressure force. It is im portant to note th a t such an equilibrium may be subject 
to a Rayleigh-Taylor type of instability given th a t the subsheets are essentially being 
supported by a zero-mass ‘m aterial’.
A gas layer in mechanical equilibrium between the isothermal gas pressure and its 
own self-gravity is described by
— =  sech^ ( ,  (4.41)
Po \3i  J
where H  =  y / P j 2 Ï r G ^  =  P/{ 'kGM.)  (in the absence of an Alfven wave pressure) is a 
scale height and M. is the column density (Spitzer 1968). In term s of the dimensionless 
variables this expression becomes simply
p =  sech^C . (4.42)
Figure 4.4 shows such pressure supported profiles (solid lines) compared to the density
profiles of the first two subsheets seen in Figure 4.3(a) (dashed lines). Note th a t the
dimensionless height (() has been translated to a new variable p  defined such th a t the
central peak of the subsheet density profile corresponds to =  0. These comparisons 
show th a t the internal struc tu re of the subsheets, including the central sheet, is simply 
th a t given by the internal gas pressure and self-gravity, the Alfven waves having no 
significant effect.
It can be observed from Figure 4.4 th a t the right-hand side of the subsheet den­
sity profiles is slightly depressed when compared to the profiles generated by Equa­
tion (4.42). This is because the subsheet profiles are not centred around p =  0, rather 
the  force of gravity is acting from right to left (positive p  to negative p )  thus moving 
the profile inward slightly.
In summary, the Alfven waves do not support the cloud as a whole bu t provide the 
global equilibrium of the system, supporting the subsheets against the self-gravity; the
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F igure 4.4: The mass density profiles of a gas pressure supported equilibrium (solid 
lines) compared to the mass density profiles of (a) the first subsheet and (b) the second 
subsheet seen in Figure 4.3(a) (dashed lines). The horizontal coordinate is the di- 
mensionless height translated so th a t the maximum in the mass density of the subsheet 
is located a t =  0 .
equilibrium of the individual subsheets being determined by their internal gas pressure 
and the gravity.
It is im portant to see how th is situation is affected when the param eters a , /?, 6 , Uq 
and wq are varied. F irstly consider the param eter a , which can be w ritten as
a
M
0.2 km s -1
-2
01-43)
.10-1 k g m -^
in term s of the physical properties of the gas layer: the column density (Af ), the number 
density a t the central plane (n^^) and the sound speed (c). A slight increase in the 
column density, say, will increase the param eter a  to a significant degree and thus a 
range of values increasing from a  =  2 to o: =  50 have been considered in F igure 4.5. 
Note th a t altering the value of a  changes the magnetic field perturbation at the central 
plane (6q) through Equation (4.38); for example a  =  50 increases the magnitude of 
the perturbation to approximately a th ird of the background field (see Table 4.1). 
Following the evolution of the profiles in F igure 4.5 shows th a t for higher values of the 
param eter a  the gas layer splits into an increasing number of subsheets. However, for 
the  highest values of a  there is also evidence to suggest th a t the Alfvén wave pressure 
is able to provide some support to the whole cloud; the mass density is no longer 
reduced to insignificant values between the subsheets (see Figure 4.5(a)(iv)). Increasing 
a  has increased the value of the magnetic field perturbation and thus enhanced the 
significance of the gradient in wave pressure, allowing the wave to give some support 
to the whole gas layer.
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Figure 4.5: (a) Mass density (b) force acting against gravity |d/dC(p +  6^/2/3)| 
and (c) Alfvén wave pressure 6^/2^, plo tted against gravity g ïov (3 = 10~^, 6 — 10“ \  
ko =  1.25, wq =  10"^ and increasing values of the param eter a: (i) 2, (il) 5, (iii) 10, 
(iv) 50 (see also Table 4.1).
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a bo Figure
1.0001 3.16 X 10-4 4.1
2 4.47 X 10-^ 4.5(i)
5 8.94 X 10-^ 4.5(ii)
10 0.134 4.5 (iii)
50 0.313 4.5 (iv)
Table 4.1: The value of the magnetic field perturbation a t the central plane (60) for 
increasing values of the param eter a.
The importance of the gradient of wave pressure over the amplitude of the magnetic 
field perturbation is evident from the change induced in the profiles by increasing the 
param eter /?, as supposed to a.  Naturally, through Equation (4.38), increasing the value 
of (3 will markedly increase the magnetic field perturbation (see Table 4.2). However, 
Figure 4.6 shows th a t such an increase has very little effect on the profiles of mass 
density, force acting against gravity and wave pressure. This effect is apparent given 
th a t the value of the normalised Alfvén wave pressure at the central plane
2/3
a  — 1
(from Eq. 4.38), is independent of the value of /3.
The effect of varying the initial values of the derivative of the phase (60) and the 
strength of the source (wo) are illustrated in Figures 4.7 and 4.8 respectively. Increas­
ing the value of ko has split the isothermal layer into an increasing number of distinct 
subsheets, the mass density falling to insignificant values between the sheets (see Fig­
ure 4.7(a)(iii)). In contrast decreasing the value of ko has increased the dominance 
of the  central subsheet, reducing the amount of mass in subsequent sheets and thus 
decreasing the amount of Alfvén wave support in the system. However, reducing the 
value of ko still further does not remove the subsheet struc tu re entirely, the profiles 
remain very similar to those given in Figure 4.7(i). Raising the strength of the source 
is equivalent to steepening the gradient of the wave pressure a t the central plane (C =  0 ; 
^ =  0). This pushes an increasing amount of mass into the first subsheet, significantly 
reducing the magnitude of the central sheet (that centred around ^ =  0). As can be 
seen from Figure 4.8(a)(iv) a very strong source gives the first subsheet a maximum 
mass density which is greater than  th a t a t the central plane.
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F igure 4.6: (a) Mass density p, (b) force acting against gravity \d/d(^{p-\- 6^/2/?)| and 
(c) Alfvén wave pressure P/2/3 , plo tted against gravity ^ for o: =  5, <5 =  10“ ,̂ ko = 1.25, 
wq = 10~^ and increasing values of the param eter /3: (i) 5x l0~ ^ , (ii) 10“ ^, (iii) 5x  10"^, 
(see also Table 4.2).
/5 bo Figure
5 X 6.32 X 10-^ 4.6(i)
10-3 8.94 X 10-2 4.6 (ii)
5 X 10-3 4.6 (iii)
Table 4.2: The value of the magnetic field perturbation at the central plane (6q) for 
increasing values of the param eter j3.
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Figure 4.7: (a) Mass density p, (b) force acting against gravity \d/d({/5 + P /2 /3 )| and 
(c) Alfvén wave pressure P /2/3 , plo tted against gravity p for a  =  5, /3 =  10“ ^, S = 10“ ,̂ 
Wq =  10“  ̂ and increasing values of the param eter ko: (i) 0.2, (ii) 1.25, (iii) 5.0.
Approaching the W K B limit
It is im portant to consider how the set of equations describing th is model (Eqs 4.19 -  
4.22; or Eqs 4.24 -  4.27) relates back to the WKB regime described in Chapter 2 . 
W ithin the WKB approximation the second-order derivative in Equation (4.19) (or Eq. 
4.25) is neglected, and th is limit can be recovered by setting the param eter S to large 
values. This param eter is described by
'Ao
(4.44)
where u  is the frequency, f f  is the scale height and vao is the Alfvén speed a t the 
central plane (( =  0; p =  0). Increasing the value of this param eter is equivalent to 
increasing the frequency of the wave, or reducing the wavelength as compared to the 
scale height of the cloud, i.e. return ing to the WKB regime. Figure 4.9 illustrates the
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Figure 4.8: (a) Mass density (b) force acting against gravity \d/d({p-\-  P /2 ^ ) j  
and (c) Alfvén wave pressure 6^/2/?, plotted against gravity ^ for o: =  5, /5 =
S =  10“ ,̂ ko = 1.25 and increasing values of the param eter wq: (i) 10“ ^, (ii) 10~^, 
(iii) 10- 2, (iv) 10- 1.
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Figure 4.9: (a) Mass density p, (b) force acting against gravity |d /d ((p  P/2/3)\
and (c) Alfvén wave pressure 6^/2/3, plo tted against gravity g for a  = b, (3 = 10“ ^, 
^0 =  1.26, Wq =  10“  ̂ and increasing values of the param eter 6: (i) 10“ ^, (ii) 1, 
(iii) 10%.
evolution of the mass density, force acting against gravity and wave pressure profiles 
as 6 is increased by four orders of magnitude. Such an increase greatly improves the 
significance of the gradient of wave pressure as compared to the gas pressure w ithin the 
mechanical equilibrium of the cloud (as described by Eq. 4.21). As a result the higher 
values of 6 are able to support the cloud as a whole (Figure 4.9(a)(iii)) removing the 
presence of distinct subsheets.
The peaks in the density profiles clearly correlate with the value of#: as the wave­
length is reduced the separation of the peaks decreases. This correlation is exam ined 
fu rther in Figure 4.10 where the logarithm of the distance (() to the first density peak 
is p lo tted against the logarithm of the W KB param eter (#). The distance to the first 
peak is defined to be the distance from the central plane to the maximum of the first 
peak in mass density. In Figure 4.10 the da ta  points for higher values of # (denoted
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Figure 4.10: The logarithm of the distance (() to the first peak in mass density plo tted 
against the logarithm of the WKB approximation param eter (6). The d a ta  points 
denoted by a +  were used to determine the straight-line fit (solid line) ; those denoted 
by a X were excluded from the fit.
by -h) dem onstrate the linear relationship between the two quantities, the straight-line 
fit satisfying the equation
logio {First  Peak Distance)  =  0.281 — 0.505 log^Q 8 . (4.45)
Note th a t the da ta  points for lower values of 8 (denoted by x) were not used in de­
termining the fit; the mass density falls to very low values prior to the first subsheet 
introducing an uncertainty in the results. Equation (4.45) shows th a t to a very good 
approximation
Firs t  Peak Distance  cx ,
I.e.
First  Peak Distance  a
where Aq =  vaq! ^  is the wavelength at the central plane.
The ability for higher values of the param eter 8 to support the whole cloud is again 
dem onstrated in Figure 4.11. In th is case the initial value of the derivative of the phase 
is set to &o =  l; th is is a special case implying th a t the dispersion relation k =  is 
valid at the central plane of the gas layer (see also Section 4.2.1). W ith in th is regime 
increasing the value of the WKB approximation param eter (6) not only dem onstrates 
the ability for the  waves to support the whole cloud, bu t also smooths the profiles, 
removing the peaks in mass density.
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Figure 4.11: (a) Mass density (b) force acting against gravity \dldC{p-\-P'/2(5)\ and
(c) Alfvén wave pressure 6^/2/5, plotted against gravity ^ for a: =  5, /3 =  10~^, =  1-0,
Wq =  10“  ̂ and increasing values of the param eter 8\ (i) 10“ ^, (ii) 1, (iii) 10^.
4 .3 .2  W ith  d am p in g
The equations describing the model — Eqs 4.19 -  4.22 in term s of the height ((); or 
Eqs 4.24 -  4.27 in term s of the gravity (g) — will now be considered in the presence of 
damping for values of the damping param eter e 0.1 -  0.5 (see Section 4.2). F igure 4.12 
shows how the typical profiles of mass density and wave pressure (generated from the 
s tandard  values of the param eters ck =  5, /5 =  10“ ^, 8 ~  10~^, ko — 1.25 and wq =  10“ ^) 
change as the damping becomes stronger.
It can be seen th a t as the value of e increases the subsheets farthest from the 
central plane (( =  0 ; g =  0) diminish in size; the gradient in wave pressure is no 
longer sulficient to support such subsheets against the self-gravity of the layer. The 
fact th a t damping has reduced the efficiency of wave support a t large distances can be 
clearly seen in F igure 4.13. Here the profiles of mass density, wave pressure and the
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Figure 4.12: (a) Mass density p, (b) Alfvén wave pressure 6^/2/3 and (c) derivative 
of the phase k, plo tted against gravity g for a  =  5, /5 =  10“ ^, 6 = 10~^, ko =  1.25, 
Wo =  10“  ̂ and increasing values of the param eter e: (i) 0, (ii) 0.05, (iii) 0.2, (iv) 0.5.
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Figure 4.13: (a) Mass density p, (b) Alfvén wave pressure P /2 /3  and (c) derivative 
of the phase Â, plotted against height (  for a  =  5 , /3 =  10“ ^, S =  10“ ,̂ ko =  1.25, 
Wq = 10“  ̂ and increasing values of the param eter e: (i) 0, (ii) 0.2, (iii) 0.5.
derivative of the phase have been plotted against height ((]. The sequence of profiles in 
F igure 4.13(a) shows how the outer subsheets reduce and the inner subsheets increase in 
size, in accordance w ith the profiles of wave pressure shown in Figure 4.13(b). However, 
introducing the damping has had no effect on the internal s truc tu re of these subsheets 
which is still determined by the equilibrium between their internal gas pressure and 
self-gravity (see Figure 4.4). It can also be observed from Figures 4.12(c) and 4.13(c) 
th a t as the damping is increased to its strongest value the derivative of the phase (^) 
— which can no longer be considered in term s of the wavelength of the Alfvén waves, 
as it was in the WKB regime (Eq. 2.16) — becomes negative when the gravity is close 
to unity ((  -4- oo; g - 4- 1).
Allowing for the damping of the waves by ion-neutral friction has increased the 
amount of mass in the central subsheets. W hat effect will it have when there is evidence 
for support of the cloud as a whole, i.e. for higher values of the param eters a  or 6 (see
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F igure 4.14: (a) Mass density p, (b) Alfvén wave pressure P /2 /3  and (c) derivative of 
the phase plotted against gravity g for a  =  50, /3 =  10“ ^, 6 =  10“ \  =  1.25,
Wq =  10"^ and increasing values of the param eter e: (i) 0, (ii) 0.2, (iii) 0.5.
Figures 4.5 and 4.9)? Figures 4.14 and 4.15 display a sequence of profiles for a  =  50 and 
é =  10 respectively, as the strength of the damping is increased from e =  0 to c =  0.5. 
Both sequences show th a t the to ta l number of subsheets in the system is reduced as e 
increases, a greater proportion of the mass being found in each. In addition there is a 
general increase in the mass density away from the central plane to values higher than 
the central density. A similar effect was observed within the W KB regime (Chapter 2, 
Figure 2.9). The damping has increased the gradient in wave pressure (Figures 4.14(b) 
and 4.15(b)) thus allowing it to support significantly larger subsheets against the self­
gravity of the system.
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Figure 4.15: (a) Mass density (b) Alfvén wave pressure &^/2/? and (c) derivative 
of the phase plo tted against gravity g for a  =  5, /5 =  10“ ^, 6 = 10, ko =  1.25, 
WQ =  10"^ and increasing values of the param eter e: (i) 0, (ii) 0.2, (iii) 0.5.
4 .4  Introducing a source function
The results described in the previous section demonstrate how long-wavelength Alfvén 
waves influence the equilibrium struc tu re of an isothermal gas slab, assuming th a t the 
waves are generated in a central source plane. This 6-function source d istribu tion (see 
Eq. 4.33) will now be improved upon by introducing a density-dependent, power-law 
d istribu tion of sources,
where the dimensionless param eters are the strength of the source #  and the index of 
the power law 7  (see also C hapter 2, Section 2.4). This source d istribu tion suggests 
th a t there will be a greater number of wave sources in regions of higher density, each 
source generating waves which propagate in both the positive and negative directions. 
The motivation for a source function of this type comes from the consideration of the
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possible sources of Alfvén waves within a low-mass star-forming region (see C hapter 1, 
Section 1.4.1 for a fuller discussion). The waves are generated by the orbital motions 
of large-scale condensations of gas within the cloud and it is assumed th a t such con­
densations form in regions where the mass density is greater.
The orbital motions generating the Alfvén waves, which help to support the molec­
ular cloud against its self-gravity, are likely to be related a t different altitudes within 
the cloud suggesting th a t the waves will have a constant phase relation between them . 
In the WKB regime the source function acted on the equilibrium through the wave 
pressure term  (Eqs 2.43 and 2.44), thus assuming th a t all of the waves were completely 
incoherent^. However, the implied coherency of long-wavelength Alfvén waves suggest- 
s th a t the opposite approximation would be more appropriate. Thus, assuming th a t 
the waves are completely coherent (rigourously in phase), the source function would
act on the equilibrium through the amplitude of the wave perturbation (6) and hence
the equations describing the model (Eqs 4.19 -  4.22) become: the wave propagation 
equations
^h.
-  XÜ+P (4.47)
=  w - p  (4.48)
-  1^ 6+ -f- —p'^ (4.49)
\  _ ^
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and the self-gravitation equation
dg _  P 
d(  ^ /â  ’
(4.53)
Hf the waves are completely incoherent then the total intensity is simply the sum of the individual 
intensities of each of the waves. However, if the sources are coherent then the individual amplitudes 
of each of the waves are added, taking account of their phase differences, and squared. The resultant 
quantity is proportional to the total intensity.
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where the quantities with a subscript -f belong to the waves propagating in the positive 
z-direction and those w ith a subscript -  belong to those waves propagating in the 
negative z-direction. Given th a t the waves are completely coherent there will only be 
one value of the phase and one value of the derivative of the phase (^) a t each height 
(C), and thus there is no distinction between the value of k for positively and negatively 
propagating waves.
4 .4 .1  B ou n d ary  co n d itio n s
The equations which describe the perturbations (Eqs 4.47 -  4.53) relate the seven 
dependent variables — the mass density p, the gravity p, the wave amplitudes 6^, 6_, 
the wavenumber k and W-  — to the height (. As such this seventh-order system 
of equations requires seven independent boundary conditions.
Following the argum ents given in Section 4.2.1 the amplitude equation (Eq. 4.51) 
can be expanded to show th a t
and thus to conserve the to ta l wave flux, in the absence of damping, (6^ +  6i )  — 0 and 
hence 6+, —5- 0 as the wave amplitudes are real.
Introducing a continuous distribu tion of sources means th a t the grad ient of the to tal 
wave amplitude is symmetrical and continuous through the origin, i.e.
d (6+ +  6_)
==0. 04.54)
C=o
Note th a t this condition is consistent w ith there being a maximum in the to ta l wave 
pressure (6^ +  61 ) a t the central plane and the mass density (p) being symmetric and 
continuous through =  0. A maximum in the to ta l wave amplitude at the central 
plane implies th a t
d? (6+ +  6_)
which can be w ritten as





through Equations (4.47) and (4.48) evaluated a t (  =  0. This can be used to determine 
a condition on the value of the derivative of the phase at the central plane (^o) • Adding 
Equations (4.49) and (4.50) shows th a t
6(^0 “  f ) ( 6o+ +  6q_) +  ^  < 0 , (4.57)
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where a,nd 6q_ are the amplitudes of the magnetic field perturbations at the central 
plane for waves propagating in the positive and negative z-directions respectively. In 
tu rn , this condition implies th a t the strength of the source Ÿ < 26bo^ as the waves are 
real. Note th a t Equation (4.57) gives a maximum value of =  1 in the absence of any 
source, and as the strength of the source increases to its maximum value (Ÿ 266q+) 
the derivative of the phase  ̂ 0 , i.e. the phase tends towards a constant value.
The condition th a t the gradient of the to ta l wave amplitude is symmetrical and 
continuous through the origin (Eq. 4.54) implies th a t the dependent variables and 
are equal a t the central plane, i.e.
wo+ =  'U}Q_ (4.58)
(obtained by sub tracting Equations (4.47) and (4.48)). Note th a t if =  wq_ =  0 
then the positively and negatively propagating waves would each have a maximum at 
the central plane (( =  0).
Thus, the seven independent boundary conditions required to solve Equations (4.47) 
-  (4.53), which describe the perturbations, are
Po =  1
go = 0
6-j.(oo) =  6_(oo) =  0
'1̂ 0+ , wo_ are known (satisfying Eq. 4.58)
&o is known (satisfying Eq. 4.57).
As in the previous model for a 6-function source it is possible to transla te  the boundary 
conditions on the wave amplitudes (64.(00), 6_(oo) 0 as (  —̂ 00) into conditions on
the value of these variables at the central plane.
In accordance w ith the description in Section 4.2, the absence of any explicit de­
pendence on the independent variable (  allows the equations (Eqs 4.47 -  4.53) to be 
rew ritten in term s of the gravity {g). In this case the mechanical equilibrium equation 
(Eq. 4.52) integrates to
^ +  =  (4.59)
given th a t p = 1 and ^ =  0 a t the central plane (C =  0). A t the edge of the isothermal 
gas layer, as C —̂ 00 , p —s- 0 , p 1 and 64., 6_ 0, this expression becomes
Î O + + Î L  = 2 / 3 ( a - l ) .  (4.60)
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F igure 4.16: Mass density p plotted against gravity ^ for o; =  5, /5 =  10~^, 6 =  10“ ,̂ 
— 10~^, 7  =  2, ^0 =  0.45 and increasing values of the strength of the source 
=  0.0005 (solid lines), $  =  0.005 (dashed lines) and $  =  0.01 (dot-dashed lines) for
(a) € =  0 and (b) e =  0.3.
The symmetry of the model abou t the central plane dictates th a t there will be an equal 
number of waves propagating in each direction and hence th a t 6q_. Thus given 
th a t the amplitude of the waves is real
(4.61)
These conditions will be used together with those listed above for the mass density 
po, the gravity qq, the wavenumber ko and u;o+, to solve the set of equations 
describing the d istribu ted sources model (Eqs 4.47 -  4.53) as an initial-value problem. 
The numerical results are presented in the following section.
4 .4 .2  R esu lts
In th is section the effect of introducing a source function into the model will be ex­
am ined. For typical values of the param eters a  =  5, /3 =  10“  ̂ and 6 =  10“  ̂ the 
boundary conditions discussed above restrict the strength of the source to 4̂  <  0.0126 
and the value of the derivative of the phase a t the central plane (ko) according to Equa­
tion (4.57). Together with =  10”  ̂ and 7 =  2, the effect of increasing the strength 
of the source for a given value of is dem onstrated in the absence of damping (e =  0) 
in F igure 4.16(a) and for a typical value of the damping (e =  0.3) in Figure 4.16(b). In 
bo th cases the graphs of mass density (p) versus gravity (^) show th a t increasing the 
strength of the source actually reduces the extent of the central subsheet while enhanc­
ing the significance of the first subsheet; the profiles of the force acting against gravity
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F igure 4.17: Mass density p plotted against gravity g for a  =  5, /? =  10~^, 6 — 10“ ,̂ 
^ 0+ =  10“ ^, =  0.005, ^0 =  0.45 and increasing values of the power-law index 7  =  1
(solid lines) , 7  =  3 (dashed lines) and j  — 5 (dot-dashed lines) for (a) e — 0 and
(b) € = 0.3.
{\d/d({p-j- [6^ -f P ]/2 /5 ) |) , the to ta l wave pressure ([6^ -|- b^]/2(3) and the derivative 
of the phase {k) behave correspondingly (see Section 4.3). Conversely, if the index of 
the power law is increased from 7 =  1 (linear relation) through to 7 =  5 the central 
subsheet is increased while the first subsheet is diminished (see F igure 4.17). However, 
the effect of narrowing the source d istribution is not as significant as th a t caused by 
increasing the strength of the source. Figures 4.16 and 4.17 both show th a t including 
a source function in the model has not dram atically altered the global s truc tu re of an 
isothermal gas layer supported by long-wavelength Alfvén waves.
However the internal struc tu re of the subsheets is no longer simply th a t described 
by their internal gas pressure and self-gravity (Eq. 4.42). The first two subsheets of a 
typical mass density profile (Figure 4.16(a), dot-dashed profile) have been plo tted in 
term s of the dimensionless height ((') in F igure 4.18 (dashed curves). Note th a t the 
dimensionless height (("') is defined such th a t the peak of mass density in the subsheet 
corresponds to =  0. The profiles of the subsheets are significantly broader than  the 
simple pressure supported profiles (Figure 4.18, solid lines) suggesting th a t the Alfvén 
wave pressure force is contributing to the support of these individual subsheets, as well 
as supporting the global struc tu re of the gas layer against its self-gravity. D istribu ting 
the sources with respect to the mass density implies th a t every point in the cloud, 
including the subsheets, is a source of Alfvén waves; these waves enhancing the internal 
support of the individual sheets.
Figures 4.19 -  4,22 dem onstrate ano ther im portant consequence of distribu ting the 
sources with respect to the mass density (p). In Figures 4.19 and 4.20 the param eters
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F igure 4.18: The mass density profiles of a gas pressure supported equilibrium (solid 
lines) compared to the mass density profiles of (a) the first subsheet and (b) the second 
subsheet seen in Figure 4.16(a) where the source strength is ^  =  0.005 (dashed lines). 
The horizontal coordinate is the dimensionless height translated so th a t the maximum 
in the mass density of the subsheet is located a t =  0 .
representing the strength of the source ($ ) and the index of the power law (7 ) are varied 
when the param eter a  =  50, i.e. when there is evidence for support of the whole cloud. 
In th is case it was shown in Section 4.3.2 th a t for significant values of the damping there 
is a general increase in mass density away from the central plane to values greater than 
the central density. F igure 4.19(a) shows th a t this phenomenon can also occur in the 
absence of damping for small values of the initial derivative of the phase (&o); the 
introduction of damping simply enhancing the increase in density. Now as the strength 
of the source is increased this ‘bum p’ in mass density is dram atically reduced bo th in 
the absence of and in the presence of damping (see Figure 4.19). Indeed F igure 4.20 
shows th a t narrowing the source d istribu tion also reduces the bump in density caused 
by switching on the damping.
A similar effect can be observed in F igure 4.21 which has been plotted for a higher 
value of the WKB approximation param eter {S =  1)^. Note also the clear change in 
the struc tu re of the gas layer as the strength of the source (’F) is increased — for the 
weakest source strength (Figure 4.21, solid lines) the central subsheet dominates the 
struc tu re of the cloud whereas for the strongest source (Figure 4.21, dot-dashed lines) 
the central and first subsheets are more equivalent in size, the density not falling to
^For high values of the W KB approximation parameter (5 >  1) combined with strong damping 
(e ~  0,5) and low values of the derivative of the phase at the central plane (fco) it is very difficult 
to obtain the equilibrium solution numerically. The combined influence of these factors makes the 
central subsheet vastly dominant; subsequent subsheets become comparatively insignificant physically 
and therefore numerically.
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F igure 4.19: Mass density p plo tted against gravity g for a  =  50, /? =  10"^, 8 =  1 0 ~ \ 
1̂ 0+ =  10” ^, 7  =  2, fco =  0.72 and increasing values of the strength of the source 
$  =  0.001 (solid lines), ^  =  0.01 (dashed lines) and 9  =  0.02 (dot-dashed lines) for
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F igure 4.20: Mass density p plotted against gravity ^ for a  =  50, (5 — 10~^, 8 = 10~^, 
ZÜO+ =  10“ ^, $  =  0.01, ^0 =  0.85 and increasing values of the power-law index 7 =  1 
(solid lines), 7  =  3 (dashed lines) and 7  =  5 (dot-dashed lines) for (a) 6 =  0 and
(b) € =  0.3.
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F igure 4.21: Mass density p plotted against gravity ^ for a  =  5, =  10 ^ ,5  =  1,
Wo, =  10~^, 7  =  2, ko =  0.45 and increasing values of the strength of the source
W =  0.005 (solid lines), 
(a) 6 =  0 and (b) e =  0.3.
0.05 (dashed lines) and =  0.1 (dot-dashed lines) for
insignificant values between the peaks. The combination of a significant value of the 
damping and a higher value of either the param eter a  or the param eter S does not 
necessarily cause a general increase in mass density away from the central plane. In 
F igure 4.22 narrowing the d istribution of sources (increasing the value of 7 ) provides 
ex tra support to the central regions of the isothermal gas layer, a situation which is 
improved upon by the introduction of damping.
In summary, the inclusion of a source function in the model has not altered the 
basic global struc tu re of the gas slab although it has provided some additional support 
for the individual subsheets. In addition, for reasonable values of the source param eters 
(Ÿ and 7 ) it has removed any general increase in mass density away from the central 
plane (see also Chapter 2 , Section 2.4.2).
4.5 T he case for cloud support
Throughou t th is chapter the results have been presented in term s of the dimensionless 
variables. In order to ascertain the significance of these results with regard to the 
support of the isothermal gas layer by long-wavelength Alfvén waves, the profiles need 
to be considered in term s of the height (z) in parsecs. To do this the tem peratu re (T) 
and the column density (M )  of the layer need to be specified to give a value for the 
scale-height i f ,  where
i f  =
27rGpo '
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F igure 4.22: Mass density p plo tted against gravity ^ for o  =  5, /5 =  10“ ^, # =  1, 
=  10“ ^, $  =  0.05, ^0 =  0.75 and increasing values of the power-law index 7  =  1 
(solid lines), 7 =  3 (dashed lines) and 7  =  5 (dot-dashed lines) for (a) e =  0 and 
(b) € =  0.3.
c is the sound speed, G is the grav itational constant and po is the central mass density. 
Typical values of these properties (T =  10 K; M  =  10“  ̂ kgm “ ^) are combined with 
the standard input param eters in Figures 4.23 and 4,24 to show how the profiles of 
dimensionless mass density (p) against height (z) evolve for increasing values of the 
param eters a and 8 respectively. W ith the tem perature and column density speci­
fied, increasing a  simply reduces the value of the mass density a t the central plane, 
Pq ~  tïGM'^I[2c^a) (see Table 4.3), while increasing 8 reduces the initial wavelength of 
the Alfven waves (Eq. 4.44). In both cases the larger values of the param eters provide 
evidence for the support of the cloud as a whole (Figures 4.23(d) and 4.24(d)). How­
ever, increasing the value of a  has substantially broadened the gas layer (by increasing 
the value of the scale-height) whilst increasing 8 has simply altered the struc ture, rather 
than  the extent of the layer.
The thickness of these density profiles is defined to be equal to twice the height 
a t which the central mass density has fallen by a factor e, i.e. 2 x z{p = 1/e) (as in 
Chapters 2 and 3). In the cases where the density falls to very low values between the 
subsheets the thickness of the layer is defined as the thickness of the central subsheet, 
for example in Figure 4.23(b); where there is evidence for more substantial support,
i.e. the density does not fall to small values between the (inner) subsheets, the thickness 
of the layer is assumed to be given by the last subsheet which falls through z{p =  1/e), 
for example Figure 4.23(c). Table 4.3 displays the thicknesses of the mass density 
profiles shown in Figures 4.23 and 4.24 along with their central densities (po) and scale- 
heights {H). These results show th a t increasing the param eter a  has indeed increased
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F igure 4.23: Mass density p plo tted against height z (pc) for ^  =  10  ̂ =  10“ ,̂
ko = 0.75, wqj  ̂ = 10“ ^, e =  0.3, 7  =  2 and increasing values of the param eter a: 
(a) 1.0001 ($  =  2.5 X 10-G), (b) 5 (^  =  0.005), (c) 10 ( ^  =  0.008), (d) 50 (#  =  0.019). 
Note th a t the strength of the source ^  is varied to ensure th a t ko =  0.75 is valid 
(Eq. 4.57).
the thickness of the cloud ou t to several parsecs which is consistent with observations 
(e.g. see Shu et al. 1987). In contrast increasing the value of the WKB approximation 
param eter 6 has only slightly altered the thickness of the sheet.
Also shown in Table 4.3 are the results generated by varying the strength of the 
damping, through the param eter e (see Figure 4.25). Although increasing the dam p­
ing has altered the d istribu tion of mass within the layer, keeping more mass in the 
central regions, the effect on the thickness of the slab is small. The results do show 
th a t weak values of the damping (e ~  0.1 — 0 .2) increase the thickness of the sheet 
(e.g. F igure 4.25(c)) compared to th a t w ithou t damping (Figure 4.25(a)), bu t th a t in­
creasing the damping to its strongest value (c ~  0.5) does actually reduce the thickness 
(Figure 4.25(d)). Note th a t if the value of the param eter a  was reduced to a; =  5 the 
thickness of the sheet would no t change w ith increasing damping; the damping does
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F igure 4.24: Mass density p plo tted against height z(pc) for a
z (pc)
5 ,/)  =  10-3, ko = 0.75,
wo+ =  10 3̂  £ =  0.3, 7  =  2 and increasing values of the param eter 8: (a) 10“  ̂
=  0.0005), (b) 10-1 ($  =  0.005), (c) 1 ( ^  =  0.05), (d) 10 (#  =  0.5). Note th a t the 
s trength of the source $  is varied to ensure th a t =  0.75 is valid (Eq. 4.57).
reduce the efficiency of wave support away from the central plane bu t does not affect 
the central subsheet which, for low values of a , is chosen to determine the thickness of 
the gas layer.
These results show th a t the long-wavelength Alfvén waves considered in th is model 
do provide some support against the self-gravity of the isothermal cloud. Of the di­
mensionless param eters prescribed in Section 4.2, a  plays the most dom inant role in 
determining the thickness of the gas layer; higher values provide more support. The 
W KB param eter (6) is im portant in determining the struc tu re of the layer, and the 
s trength  and d istribu tion of the source ($  and 7 ) and the damping (e) control the 
general increase in density away from the central plane.
The magnetic field perturbation (6) is related to the fluid velocity (u) through the 
expression 6/Bq — where B q is the background magnetic field and va is the Alfvén
velocity. The fluid velocity is observed to be v ~  1 -  3 km s“  ̂ and the Alfvén speed
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a 6 e pQ (kg m 3) H  (m - i) Thickness (pc)
1.0001 10-1 0.3 2.92 X 10-17 1.71 X IQis 0.12
5 5 ^ 3 x 1 0 - ^ ' 3.83 X lOis 0.30
10 2.92 X 10-1* 5.42 X IQis 1.86
50 5 .8 3 x 1 0 - ^ 1^ 1 x 10^ 5.45








Table 4.3: The central mass density po, scale-height H  and thickness of the layer for 
(3 ~  10“ 3, ^0 =  0.75, Wo^ ~  10” 3̂  7  =  2 and increasing values of the param eters a , 6 
and €.
is determined, from observations of the magnetic field strength and number density, to 
be va ~  4.5 km s~^. These values suggest th a t the to tal magnetic field pertu rbation 
is b ~  bjBq 0.2 -  0.7, the lower limit of which is given theoretically by a  =  30 and 
/5 =  5 X 10"^ for example (Eq. 4.61) (physically these figures correspond to a slight 
decrease in the number density from the standard  value of =  10^ m~3). As an 
example Figure 4.26(a) shows a density profile determined for these param eters com­
bined with a strong (Ÿ =  0.037), narrow (7 =  4) source and weak damping (e =  0.15). 
This profile has a thickness of 3.77 pc which is equivalent to a radius of 1.89 pc. As the 
fluid velocity increases towards the Alfvén value (Myers & Goodman 1988; Goodman 
& Heiles 1994; Mouschovias & Psaltis 1995) the to ta l magnetic field perturbation tends 
to unity. Figure 4.26(b) displays the mass density profile for such a magnetic field per­
tu rbation (given by a  =  80 and /3 =  3 X lO” ^) showing th a t the thickness of the slab 
has increased to 9.44 pc (corresponding to a radius of 4.72 pc). These two examples 
(Figure 4.26) display small artefacts in mass density rather than  d istinct subsheets and 
show th a t long-wavelength Alfvén waves can support gas layers ou t to radii which are 
consistent w ith observational values (Shu et al. 1987).
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Figure 4.25: Mass density p plotted against height z (pc) for a  =  50, /3 =  10“ ^, 
8 =  10" i, ^0 =  0.75, =  10“ ^, ^  =  0.19, j  = 2 and increasing values of the
param eter e: (a) 0, (b) 0.1, (c) 0.3, (d) 0.5.
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Figure 4.26: Mass density p plotted against height z (pc) for 6 =  10"^, =  0.40,
wq^ =  10“ ^, e = 0.15, 7  =  4 and (a) a  =  30, /5 =  5 X 10“  ̂ (#  =  0.02) and (b) a ~  80, 
P — S X  10“  ̂ (^  =  0.08). Note th a t the strength of the source ^  is varied to ensure 
th a t ^0 =  0.40 is valid (Eq. 4.57).
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4.6  D iscussion
The work in this chapter has investigated the role of long-wavelength Alfven waves 
in supporting an isothermal low-mass star-forming region against its self-gravity. In 
its simplest form, using a ^-function source distribution in the absence of damping, 
th is self-consistent one-dimensional model describes how the gas layer is divided into 
several subsheets which are held against the self-gravity of the layer by an Alfven 
wave pressure force. The struc tu re of the subsheets themselves is simply given by the 
equilibrium between their internal gas pressure and self-gravity. Increasing the initial 
value of the magnetic field perturbation and hence the Alfven wave pressure (increasing 
the param eter a ), or reducing the initial wavelength of the Alfven waves (increasing 
the WKB approximation param eter 6) lessens the distinction between these subsheets 
and thus allows the waves to provide some support to the whole cloud. Indeed, in the 
absence of damping and w ithou t d istribu ted sources, the distance of the first subsheet 
from the central, source plane is directly proportional to the initial wavelength of the 
Alfven wave; the shorter the wavelength, the closer the first subsheet is to the centre 
of the layer.
The key factor in determining the role of the Alfven waves and hence the s truc tu re 
of the gas layer is the importance of the Alfven wave pressure w ithin the mechanical 
equilibrium, specifically the magnitude of the derivative of this term . Long-wavelength, 
low-amplitude waves have a small Alfven wave pressure gradient which is unable to offer 
support to the cloud as a whole, bu t which can support individual subsheets against 
the  self-gravity of the layer. Either slightly reducing the wavelength or increasing the 
amplitude of the wave, or bo th, increases the gradient in wave pressure sufficiently for 
the  waves to support the whole s truc tu re. Thus, if a molecular cloud is supported by 
low-amplitude waves which have wavelengths of the order of the size of the cloud, then 
a number of distinct subsheets are formed from the original slab. Simply increasing the 
amplitude of such waves allows the layer to remain as one structure.
The inclusion of damping in the model naturally reduces the ability for the Alfven 
waves to support individual subsheets far from the central plane, and so more of the 
mass is found in the central regions of the cloud. However, as the damping becomes 
stronger there is actually a general increase in mass density away from the central plane 
to values higher than the central density. A similar effect was observed in C hapter 2 
for strong values of the ion-neutral damping. This bump in density is made noticeably 
less significant by the introduction of a source function into the model. The Alfven 
waves are generated w ithin low-mass star-forming regions by the orbital motions of
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large-scale condensations of gas, as discussed in Chapter 1. Such wave sources, which 
are likely to be related at different heights in the cloud, suggest the introduction of a 
completely coherent density-dependent source function within the model. The ability 
for all points within the gas layer to generate waves slightly enhances the support of the 
individual subsheets so th a t they are no longer simply supported by their gas pressure. 
A strong, narrow (high value for the index of the power law) source is the most efficient 
a t reducing the general increase in mass density away from the central plane which can 
be caused by strong damping.
As in the WKB model presented in Chapter 2, the degree of support offered to the 
isotherm al gas layer, in term s of the thickness of the layer in parsecs, is encouraging 
when compared to the observed values. For magnetic field perturbations which are 
consistent with the velocities observed in these regions, b ~  0.2, the thickness
of the density profile is found to be of the order of a few parsecs, even in the absence 
of damping. Observations show th a t the diameters of such regions are in the range of 
a few to ten parsecs (Shu et al. 1987) which is in good agreement with the theoretical 
predictions in this chapter.
The presence of individual subsheets or artefacts (when there is support of the 
whole cloud) in the mass density profile raises the question of the stability of the cloud. 
In particu lar the possibility of a Rayleigh-Taylor type of instability, given th a t the 
subsheets are being supported solely by an Alfvénic pressure force.
In its entirety this self-consistent model successfully describes the support given to 
an isothermal gas layer by long-wavelength Alfven waves. A lthough the approximations 
used w ithin this model are not conducive to a direct comparison w ith observations, the 
waves are shown to offer support against the self-gravity of the layer, parallel to its 
ordered magnetic field. The thicknesses generated by this support are consistent with 
the observational values. This work, following on from th a t presented in C hapter 2 
especially, further emphasises the importance of Alfven waves within the mechanical 
equilibrium of low-mass star-forming regions.
4 .6 .1  A  n o te  on nu m erica l accuracy
The equations describing the model (Equations (4.19) -  (4.22) for a 6-function source, 
or Equations (4.47) -  (4.53) for a density-dependent source) were solved as an initial- 
value problem using an adaptive step-size Runge-K utta program. In the instances 
where the mass density fell to insignificant values between the subsheets the accuracy 
param eters used in the program slightly influenced the results with regard to the height 
({) of the subsheets above the central plane. However, it is im portant to note th a t the
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position of the peaks with respect to the gravity {g) remained unaffected. All of the 
results presented in this chapter were calculated to the same accuracy to ensure th a t 
no numerical bias was introduced.
Chapter 5
Stability  analysis
Programming today is a race between software engineers striving to build 
bigger and better idiot-proof programs, and the Universe trying to produce 
bigger and better idiots. So far, the Universe is winning.
Rich Cook
Throughou t the previous chapters various models have been presented in order to ascer­
ta in the significance of Alfven waves in low-mass star-forming regions; specifically the 
role these magnetic waves play in supporting a molecular cloud against its self-gravity. 
Having established th a t a gas slab — which is in mechanical equilibrium between its 
self-gravity, the gas pressure and an Alfven wave pressure force — can have thickness­
es which are in good agreement w ith observational values, the question of the slab’s 
stability must be considered: are such equilibria in fact unstable? This is the question 
which will begin to be addressed in this chapter. In the first instance, the stability 
of an infinite gas slab with a uniform magnetic field lying perpendicular to it will be 
considered (Nakano & Nakamura 1978; Nakano 1988). In this case the magnetic field 
does not influence the mechanical equilibrium of the slab, which is determined solely 
by the isothermal gas pressure and the self-gravity (see C hapter 1, Section 1.3). The 
viability of short-wavelength Alfven wave support is clearly illustrated in C hapter 2, in 
particu lar when a d istribu tion of wave sources is included w ithin the model (Chapter 2, 
Section 2.4). The stability of such an equilibrium will be discussed in the la tte r half of 
th is chapter.
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F igure 5.1: A representation of the equilibrium showing a gas slab with a constant 
magnetic field lying perpendicular to the sheet.
5.1 A  gas-pressure-supported  equilibrium
An isothermal gas slab with a constant magnetic field perpendicular to the sheet (see 
F igure 5.1) is supported against its self-gravity by the gas pressure. This equilibrium 
is described by the equation
jo  "  ( i )  (5.1)
(Spitzer 1968; Eq. 1.28), where p is the mass density, z is the height above the central 
plane, H  — c^/{irGA4) is a scale-height, po is the mass density a t the central plane 
(z =  0), c is the sound speed, G is the gravitational constant and M  is the column 
density. Such an equilibrium gives cloud thicknesses of the order of a tenth of a parsec 
(see Chapter 1, Section 1.3).
5.1 .1  T h e  eq uations
To study the stability of an isothermal gas slab as depicted in F igure 5.1 small per­
tu rbations are added to the equilibrium quantities so th a t the mass density, magnetic 
field strength, gravity and velocity are respectively described by
P =  P q { z ) + pi{Y,t) ,
+  B i(r ,t) , 
g =  -go(^) z +  g i(r ,t)  , 
v =  v i ( r , f ) ,
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where the equilibrium quantities are denoted by a subscript 0 and the perturbed quan­
tities by a subscript 1. Substituting these expressions into the equations of magneto- 
hydrodynam ics, linearising and sub tracting the equilibrium leaves the set of perturbed 
equations: the mass continuity equation (Eq. 1.14)
-f-V -(povi) =  0 , (5.2)
the equation of motion (Eq. 1.15)
po ~  V pi -{- [Bo z • V) — V — Pi9o z +  P o S i, (5.3)
the induction equation (Eq. 1.16)
^  =  V x ( v i X S o z )  (5.4)
and the self-gravitation equation (Eq. 1.17)
V • g i =  -47tG/9i . (5.5)
These equations are Fourier analysed in time and space by writing the perturbed quan­
tities in the form
Pi = p(z) (5.6)
for example, where =  (æ,y), is the frequency and k is the wavenumber. As a 
result the perturbed equations become
iup  -  ipQ (k ■ v_l) 4- =  0 , (5.7)
iiopQV ~  - ê  { - i p  (6a; X -f- 6y ÿ) -h —  -h
àp ^  , Bp dB  
p dz
{K  X +  ky y) + z j  -  pgoz + pog , (5.8)
x -b  ^  ÿ  +  Î (k • vx) z^ (5.9)
and finally
^  =  Î (k • g i )  “  47rG'p. (5.10)
Equations (5.7) and (5.9) can be used to eliminate the perturbed mass density (p) and
magnetic field (B) respectively, from the remaining equations. The axes are chosen so
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th a t the wavenumber lies in the x-direction k  =  6x, and thus Equation (5.8) becomes 
in component form: the x-component




«A =  0 (5.12)
+ + (5.13)
dz Vpo dz J dz dz  ̂ ^
Note th a t the gravity (g) has been prescribed in term s of the grav itational potential
gi =  -V 0 1
which implies th a t
g(^) =  ^ 6 ^ (z ) ,  0, -  , (5.14)
and the equation of mechanical equilibrium (Eq. 1.26) has been used to express the 
equilibrium gravity in term s of the mass density, gp =  (-c^ /po) dpp/dz. Completing 
the set of equations is the self-gravitation equation (Eq. 5.10) which has now become
g
(This set of perturbed equations (Eqs 5.11 -  5.13 and 5.15) is in agreement w ith those 
of Nakano & Nakamura 1978.)
These equations are now written in dimensionless form, using
 ̂ Uy   , (/_5r --
i;Ao
for the perturbed velocities, where vaq ~  J9o/\/ppo(0) is the equilibrium Alfven velocity 
a t the central plane and po(0) is the equilibrium mass density a t z =  0, plus
.  z  _ Po :
C =  7F , Po -  — TTTT , V =^  ' /)o(0) ' 47rGJf2^o(0)
for the height, equilibrium mass density and grav itational po tential respectively, and 
finally
I  I r r  ~k ~  k H  , w = -----
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for the  wavenumber and frequency, to leave
^  -  W o P  -  p )  % =  i f k  +  ZWowÀÿ, (5.16)
^  +  po«^5^ =  0 , (5.17)
d ( I  d (pov,) \  ^  ^  .J ^  ^  #  (5.18)
d C  \pa dC J 13 ‘ d( ' d (
and
^ _ p ^ = ^ + i l ( M î ) ,  (5.19)
dÇ oj u  dÇ  ̂ ^
where the dimensionless constant (3 is defined to be the ratio between the sound speed 
and the equilibrium Alfven velocity a t the central plane,
c2
/) =  -Ô -. (5.20)
Note th a t the equation describing the ^-component of the velocity perturbation Vy 
(Eq. 5.17) has decoupled^, leaving a sixth-order system of equations which are to be 
solved to give the dispersion relation Co(k) of an isothermal gas slab with a uniform 
magnetic field lying perpendicular to the sheet.
5.1 .2  T h e  a sy m p to t ic  so lu tion
As the m agnitude of the height above the central plane (() increases, the form of the 
equilibrium (Eq. 5.1) dictates th a t the equilibrium mass density (po) decreases to zero. 
This limit gives the asym pto tic solution of the three second-order differential equations
(Eqs 5.16, 5.18 and 5.19) describing the perturbations.
Firstly, Equations (5.16), (5.18) and (5.19) are w ritten as a set of six coupled first- 
order equations by defining the variables
yi =  — , Y2 = (f> , ys =  —OJ CÜ
^Applying the substitution z'  =  tanhC to Equation (5.17) leaves
( 1 - /  ) d̂ Vy , dVydz'^ dz'
a Legendre differential equation which can be solved separately (Murphy 1960) for the velocity per­
turbation in the ^/-direction {vy) given a value for the frequency w. This equation will not give any 
additional unstable values for w, but will simply give solutions for Vy which are in accordance with the 
dispersion relation w(Â) found from Equations (5.16), (5.18) and (5.19).
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1 dvx .. _  i d{paVz) 
~  Pod> d(
so th a t









dy5 -  t oy3 -  ky4 ~  2 je
=  2po ys +  ys 




=  Pok yi +  6^ y2 +  po y 5 ,
where =  9o / d o { C - ^ o o )  is the dimensionless equilibrium gravity.
In the limit a& (" —» ± oo  the mass density po —> 0 and the gravity go 
hence the above equations become, in m atrix form.
/ 0 0 0 1 0 0 \ ^ y i ^
Ys 0 0 0 0 0 1 yz
y'z 0 0 ±2 0 1 0 ys
y i p 0 0 0 0 0 Y4
y'e 0 0 ~Co  ̂/ (3 —k 0 - 2 ys










y • — M  yi for 2 =  1 , 2 , . .  . ,6
where a ' indicates the derivative with respect to (. The asym pto tic m atrix M  
constant coefficients and thus Equation (5.28) has the solution
yi =  Y I  for % =  1 ,2 , . .  . ,6




+ 6 , T p  —p  —6, +1 i  f  (3
as C —» +  CO and
-f-6, “b p  ~kf  —p  —1 i  Y^l — j (3
as — GO, and Ui are the associated eigenvectors.
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5 .1 .3  B o u n d a r y  c o n d i t io n s  a n d  t h e  n u m e r ic a l  m e t h o d
The set of equations describing the perturbations (Eqs 5.21 -  5.26) are solved w ith the 
boundary conditions
yi -> 0 as (  ±  oo
for Î =  1 ,2 , . .  . ,6.  Considering the asymptotic solution these boundary conditions are 
satisfied by choosing the decaying eigenvalues as C ± o o . Specifically as (  +  oo
the negative eigenvalues
—6, —p  -j"l — \ J \  ~  (3
are required, while as (  ^  — oo the positive eigenvalues
are taken. (These are the appropriate eigenvalues given th a t the form taken for the 
perturbations (Eq. 5.6) implies th a t < 0 for the unstable regime.) Choosing the 
decaying eigenvalues gives the asymptotic solution as





\  ye y
















for C -» +  00 (C =  ( m a x ) ,  and as
/  yi \  f 1
yz
=  Di


















-2A6(2 +  6)
k
Â'Cr
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+
1 +  a/ 1 - 0 ;2 / / ?  
0
(5.31)
for (  - 4- — 00 (C =  Cmm)) where A =  l/[0)(^//3 +  6(2 +  6)]. Therefore there are six free 
param eters at the boundaries, C i, Cg, C3, J9i, D 2  and £>3, which correspond to the six 
first-order differential equations (Eqs 5.21 -  5.26). Given th a t th is set of equations is 
linear, and hence multiples of solutions are solutions themselves, five of the asymptotic 
coefiScients can be normalised w ith respect to the sixth (e.g. C3 =  1). Thus, for each 
value of the wavenumber 6 and the dimensionless param eter (3 the equations can only 
be solved, to give a non-trivial solution, for special values of giving the dispersion
relation w(6) for each plasma beta  (see also Fleischer 1996).
The dispersion relation is found numerically by the relaxation method (Press et al. 
1992). The equations describing the perturbations (Eqs 5.21 -  5.26) are w ritten as a 
set of finite difference equations, for example Equation (5.21) becomes
y \  -  - ^ ( y |  +  y ^ ' )  =  o , (5.32)
where is the spacing between the grid points (k). The boundaries are set at a finite 
value Ç = ± 20 , a t which point the equilibrium mass density (po) has become negligible 
(Eq. 5.1; Nakano 1988). Eliminating the five remaining coefficients (Ci, Cg, D i, D 2  and 
H 3) from the asym pto tic solutions (Eqs 5.30 and 5.31) leaves a set of seven equations at 
the boundaries which need to be satisfied by the numerical solution of Equations (5.21) 
-  (5.26), i.e. the problem is over-specified. By introducing the square of the frequency 
(cD̂ ) as an additional variable, y% say, through the finite-difference equation
y^ y b ' 0, (5.33)
there is now a set of seven equations (Eqs 5.21 -  5.26 and 5.33) to match the seven 
boundary conditions. In this way the value of for each wavenumber 6 and param eter 
(3 is obtained as pa rt of the numerical solution.
5 .1 .4  R esu lts
The dispersion curves obtained by solving the perturbed equations (Eqs 5.21 -  5.26) 
are shown in F igure 5.2 for different values of the dimensionless param eter (3. Note
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F igure 5.2: The dispersion curves for an isothermal gas slab with a constant magnetic 
field lying perpendicular to the sheet. The dimensionless param eter j3 is the ratio 
between the sound speed and equilibrium Alfven velocity a t the central plane ((" =  0) 
(see Eq. 5,20).
th a t the curves shown are for the m inimum value of the square of the frequency (cD̂ ) 
(the fundam ental frequency) a t each value of the wavenumber k. As can be seen from 
Equation (5.20) a value of /3 = 1 implies th a t the Alfven and sound speeds are equal, 
whereas /5 < 1 means th a t the central Alfven velocity of the equilibrium is greater than 
the sound speed, suggesting th a t the magnetic field is becoming increasingly im portant 
in the cloud dynam ics. The dispersion curves show th a t the isothermal gas slab becomes 
more stable as the value of/5 decreases. Indeed, a t a value of /? =  0.5, which corresponds 
to the equilibrium Alfven velocity a t the central plane (( =  0) being twice the isothermal 
sound speed (the magnetic pressure equalling the gas pressure), the gas sheet becomes 
stab le for all values of the wavenumber k. Such a result shows th a t the magnetic field 
has a stabilising influence on the isothermal gas layer (see also Nakano 1988).
Figure 5.3 shows how the critical wavenumber (^c)i th a t for which the frequency 
w =  0, varies as the Alfven velocity becomes significantly less im portant compared to 
the sound speed (in o ther words as the param eter /? is increased to very large values). 
As can be seen bo th from Figure 5.2 and, in particu lar from Figure 5.3, the cut-off value 
for the critical wavenumber is equal to unity {kcut =  1), i.e. if 6 < 1 then there can 
be grav itational instability depending upon the value of (3. This cut-off wave number





0 1 ,2 3 ,4 510 10 10 1010 10
F igure 5.3: The critical wavenumber kc, th a t for which the frequency w =  0, plo tted 
against the dimensionless param eter (3 (Eq. 5.20). A cut-off value of kcut =  1 is reached 
at very large /3, as the significance of the magnetic field diminishes.




which is the minimum length a condensation must have before it can become grav ita­
tion ally unstable (see also Spitzer 1968). It is interesting to note th a t this length is 
greater than the thickness of the isothermal gas sheet, which is found to be cü 2H  (see 
C hapter 1, Section 1.3), and therefore precludes any instabilities from being generated 
by velocities which are solely in the z-direction Equivalently, it is not possible to
have an instability if the magnetic held remains unperturbed (B i =  0) as can clearly be 
seen from the linearised equations (Eqs 5.2 -  5.5); see Appendix B for further details.
In summary, the pertu rbation analysis has shown th a t the uniform magnetic field 
can stabilise the isothermal gas slab against grav itational instabilities, reaching a s ta te  
of complete stability when the magnetic and gas pressures are equal {(3 =  0.5). Given 
th a t typical observations set the sound speed to c ~  0.2 km s"^ and the Alfven speed to
^The same result was obtained for the stability of an infinite gaseous disk (without a magnetic 
field) by Spitzer (1968). He too found that it was not possible to generate any instabilities in the disk 
from motions which are only in the «-direction. This is clear given that the introduction of a uniform 
magnetic field, perpendicular to the sheet, does not affect the mechanical equilibrium parallel to that 
field (the «-direction in the notation used in this chapter).
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Va ~  4.5 kms~^ (see Chapter 1, Section 1.1), the value of the param eter (5 in low-mass 
star-forming regions is (5 10“ ^, which is very encouraging for the stability of these
regions.
5.2 A  w ave-pressure-supported  equilibrium
The question of the stability of a gas slab supported by Alfven waves will now be 
considered. The viability of short-wavelength Alfven wave support is clearly illustrated 
in Chapters 2 and 3, while Chapter 4 considers the role of long-wavelength Alfven waves 
in supporting a low-mass star-forming region.
The stability analysis of an equilibrium supported by waves proves to be even more 
involved than th a t of an equilibrium containing a uniform magnetic held (discussed 
in the previous section) and as a result only one class of equilibrium will be consid­
ered here. Of the equilibria exam ined in the preceeding chapters, the model describing 
short-wavelength (WKB) Alfven wave support using a d istribu ted wave source (Chap­
ter 2, Section 2.4) is chosen for the stability analysis. Such an equilibrium, although 
assumed to be isothermal in nature, is certainly a more realistic approxim ation than  the 
equilibrium generated using a 6-function source distribution for the waves (Chapter 2, 
Section 2.1). Indeed, a 6-function model contains a discontinuity at the central source 
plane which would require the inclusion of an internal boundary condition, hence com­
plicating the numerical approach described in the previous section. The formulation 
of a suitable numerical method is considered to be unnecessary given the comparative 
ease w ith which a density-dependent source distribution can be introduced and the 
subsequent improvement in the equilibrium model.
A perturbation analysis of a system already supporting WKB waves is conceivable 
given th a t the global effect of the waves can be ascertained by averaging over the wave 
fluctuations (Dewar 1970). However, such an averaging is not possible in an equilibrium 
supported by Alfven waves which have wavelengths similar to the length-scale of the 
non-uniform medium in which they propagate, and thus a pertu rbation analysis as 
carried ou t in this chapter would seem to be infeasible. Therefore, the following analysis 
will exam ine the stability of an isothermal gas layer which is in equilibrium between 
its self-gravity, the gas pressure and an Alfven wave pressure force; th is pressure force 
results from a density-dependent d istribution of short-wavelength Alfven wave sources.
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5 .2 .1  T h e  e q u i l ib r iu m  r e v i s i t e d
In th is section the equilibrium, which is discussed in detail in C hapter 2, will be briefly 
reviewed. During the analysis of the perturbed equations (in Section 5.2.3) it will 
become necessary to understand the behaviour of the equilibrium as the height above 
the central plane becomes increasingly large, i.e. as z ± oo . Consequently, the form 
of the equilibrium equations at large z will be considered in this section.
In contrast to Chapter 2 the wave energy density, previously labelled U (Chapter 2 , 
Section 2 .2 .1), is now denoted by e — 17/2 and thus the waves propagating ou t from 
the source in the positive and negative z-directions have energy densities of and s_ 
respectively. Hence the equilibrium is described by the two wave propagation equations
^  +  S (5.34)
\ V p I po)  «Ao
and
plus the equilibrium equation
V P /P O /
d
^  F ,  (5.35)
dz 2J  -  1
I
and the self-gravitation equation i
^  =  47tG/9, (5.37)
where z is the height above the central plane, p is the mass density, F  =  — s_ is the
difference in the wave energy densities, £ =  -+•£:_ is the to tal wave energy density,
r  is the ion-neutral friction damping rate (Chapter 1, Section 1.4), vao =  B o /y /J I^  is 
the Alfven velocity a t the central plane, g is the gravity, c is the isothermal sound speed 
and G  is the grav itational constant. The source function S is given by the expression
® I (m) ’
in which ^  and 7  are the dimensionless source param eters, £0 is the to ta l wave energy 
density a t the central plane and H  = \/c^ I2 ttGpq is a scale-height.
The set of dimensionless variables is deflned as
C =  ^  , p =  ^  , P =  ^
Po ^0 Poo
where Poo = g {z 0 0 ). Note th a t the difference in the wave energy densities will 
be equal to zero at the central plane (Fq =  0) as the symm etry of the equilibrium
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means th a t there will be an equal number of positively and negatively propagating
waves; hence F  = F / eq. In term s of these new variables the equations describing the
equilibrium (Eqs 5.34 -  5.37) become
l l £ ^  =  - 2 V r + I p g  (5.41)
and
where
^  _  1 
dÇ a/i -f- X (5.42)
X = ------=  k H  (5.43)
is the damping param eter and
go
^ = 2 ^
(see Eq. 2.30) is the magnetisation param eter. Note th a t A is identical to the mag­
netisation param eter defined in Chapter 2, while the damping is now a dimensionless 
param eter and is given by the expression
^ ( îÔ ^ )  ( ï f f r )  (o.25kms-‘) (iQSm-O '
By noting the m inimum and maximum wave periods, which allow some Alfven wave 
support of a molecular cloud (see Chapter 1, Section 1.4), the range of values for the 
damping is found to be T  ~  0.01 -  1.0.
As the height above the central plane increases up to very large values (as C i  oo), 
and hence the mass density diminishes to zero (p —5- 0), there will be three ratios
of equilibrium quantities which will be of interest when considering the asym pto tic
solution of the perturbation equations (see Section 5.2.3). These are the ratio between 
the to ta l wave energy density and the mass density
Ri  — (5.46)
the ratio between the derivative of the mass density with respect to height and the 
mass density
^  (5.47)
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F igure 5.4: (a) The dimensionless mass density p, (b) the ratio R \  =  ë /p , (c) the ratio 
R 2  =  (1/^) dp/dÇ and (d) the ratio R z ~  F /p  plotted against the dimensionless height (  
for typical values of the m agnetisation param eter A =  20 , the damping param eter 
T  =  0.1 and the power-law index of the source function 7  =  8 . These ratios tend 
towards a constant value as the height above the central plane increases to large values 
and, consequently, the mass density decreases to zero.
and, lastly, the ratio between the difference in the energy densities of the positively and 
negatively propagating waves and the mass density
R 2, = (5.48)
The form of these three ratios is p lo tted in F igure 5.4 using the numerical solution of 
the equilibrium. As can be seen from the graphs each of the ratios reaches a constant 
value when the height above the central plane becomes sufficiently large.
The two wave equations (Eqs 5.39 and 5.40) can be w ritten as
(5.49)
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and
which in the limit as C —̂ ±  oo become
=  -2TjRi (5.51)
and
AijRg =  -2Tj^3 (5.52)
respectively. E liminating the ratio R 2 between Equations (5.51) and (5.52) shows 
simply th a t
J?3 =  . (5.53)
Specifically, as can be seen from Figure 5.4, Rz = R \  at C —> +  00 whereas Rz  =  —R i  
at (  —̂ — 00. W hen the density has fallen to sufficiently small values it is possible to 
infer th a t there will be no more wave sources. At this point any waves remaining in the 
system will be propagating outwards from the central plane, i.e. 0 a t C —̂ +  co
and e+ ~  0 at C — ooj and hence it can be deduced th a t F  = ë {Rz = R i)  a t large 
heights above the central plane (C + 00) and F  = —e {Rz =  —-Ri) at large heights
below the central plane ((  ^  — 00) (from the definitions given below Equation (5.37)).
Substituting this result back into Equation (5.51) say, gives an expression for the ratio 
R 2  of
=  a t e - + 0 0  (5.54)
I  + 2 T  at C —> — 00 .
The equilibrium equation (Eq. 5.41), when the height above the central plane is very 
large, is given by the expression
7̂ 2 +  ^ ^ — =  —2 \ / l  +  A ^00 , (5.55)
\P  (̂ 4 /  ^—>±00
where g0 0  =  4:1 a t { — 4 :00 . Equation (5.40) can be used to eliminate the derivative 
de/dC from the above equation to leave
R 2  T  2a/Î +  a Pcq =  —A ^ — -------T i?3^ , (5.56)
which reduces to an expression for the ratio between the to ta l wave energy density and 
the mass density {Ri) in term s of the magnetisation and damping param eters, of
Æi = v F g .r .T. . (5.57)
S t a b i l i t y  a n a l y s i s  135
The above equations and expressions describe an isothermal gas slab which is in 
equilibrium between its self-gravity, the gas pressure and a WKB Alfven wave pressure 
force, w ith an emphasis on the behaviour of this equilibrium as the height above the 
central plane becomes very large. These results will be employed in the following 
sections where the question of the stability of this equilibrium will be considered.
5.2 .2  T h e  eq u ation s
For waves propagating in a non-uniform medium, which have a wavelength much shorter 
than  the length-scale of the medium (the WKB approxim ation), it is possible to average 
over the wave fluctuations to give an equation of motion,
p +  p (v • V )v  =  — V P  +  (B • V) — — V P^ — V ■ P y ,, (5.58)
th a t describes the motion of the system including the effect of the waves (Dewar 1970). 
Such an equation of motion describes the equilibrium state. In Equation (5.58) the 
effect of the waves on the medium is expressed through the wave stress tensor P^ ,̂, 
which is given by
P — Si
(5.59)
(Dewar 1970; Jacques 1977), where k  and B are the unit vectors in the direction of the
wavenumber and the magnetic field respectively, Sw is the wave energy density, va is
the Alfven velocity, c is the sound speed, p =  k • B , Vpk is the phase velocity, 7  is the 
ratio  of specific heats and 1 is the unit tensor. For Alfven waves, whose phase velocity 
is given by the expression
%/i =  VA cos 6
{cos 9 =  k  • B ), the wave pressure tensor simply reduces to
=  y  1 . (5.60)
The associated wave equation,
AC
y f  +  V • (Vj S„) =  (5.61)
(Dewar 1970; Jacques 1977), is given in term s of the wave action density Su; which is 
related to the wave energy density in a static medium by
Ç —Oyj --
W
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(see also McKee & Zweibel 1995), where w is the frequency of the background waves. 
Thus in term s of the wave equation becomes
Qp
+  V • (vg 6w) — , (5.62)
where Vg is the group velocity and F is the damping rate.
The equilibrium model discussed above contains a density-dependent source func­
tion S (Eq. 5.38) which generates waves th a t propagate in opposite directions, i.e. in 
bo th the positive and negative z-directions. Accordingly there are two wave equations, 
each describing the propagation in one direction.
? f  + V . K e + )  =  - r e ,  + f-f-  • (vg s_|.) — —F£^ 4" 7T (5.63)
for positively propagating waves and
—  V • (vg £_) =  - f £ _  -b -  (5.64)
for the negatively propagating waves, given th a t Vg is the group velocity of the positively 
propagating waves. In addition the wave stress tensor for Alfven waves becomes
P »  =  1 • (5.65)
Adding and sub tracting these two wave equations (Eqs 5.63 and 5.64) gives
ds
— +  V .(v g P )  =  -F£ +  S (5.66)
and
OF
- ^  +  V - (v ,£ )  =  - r P ,  (5.67)
in term s of the fam iliar variables £ =  £4. +  £_ for the to tal wave energy density and 
P  =  £+ — £_ for the difference in the wave energy densities.
If the equation of motion (Eq. 5.58) and the wave equations (Eqs 5.66 and 5.67) 
are considered w ithin the framework of the isothermal equilibrium model — where the 
mass density p =  po{z)^ the magnetic field B — P qz, the velocity v =  0, the gravity 
g =  —gQ(z)z^ and the wave energy densities e — £o{z) and F  ~  Fo{z) — they easily 
reduce to the equilibrium equations: the equation of motion (Eq. 5.36)
+ é (I) =
and the two wave equations (see Eqs 5.34 and 5.35)
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and
dz - m ,
where p  is the permeability of free space.
To study the stability of an Alfven wave pressure supported equilibrium small per­
tu rbations are added to the equilibrium quantities, viz:
P =  Po(^)  +  P i ( r , 0  ,
B — Po z +  B i ( r , t ) , 
g =  -<7o(^) z +  g i ( r , i ) , 
v  =  v i ( r , i ) ,
£ =  £q(z) +  £ i(r,i)  ,
F  =  Fb(z) +  P i ( r , f ) ,
where subscripts 0 and 1 denote the equilibrium and perturbed quantities respectively. 
The perturbations are chosen to be Alfvénic in nature and so the perturbed wave stress 
tensor is simply
Pwi =  ^^^2 ^ ’ (5.68)
and the group velocity is given by the Alfven speed
B q z  +  B j
(5.69)
 ̂ \ / p p o ( l  +  P i/P o )
By utilising a Taylor expansion [(1 +  pi/po)~^^^ — I -  p i/2po +  ...], sub tracting the
equilibrium (vgg =  P q z /y 'ppo) and linearising the above equation, the perturbed group
velocity is shown to be
=  (5.70)
^/flpd 2 ^ p ^ p o
In full, the linearised, perturbed equations of magnetohydrodynam ics are: the mass 
continuity equation (Eq. 1.14)
- ^  +  V - ( pqVi ) =  0 , (5.71)
the equation of motion including the effect of the equilibrium waves (Eq. 5.58)
Po“^  =  V pi +  (P oz • V ) V  ^ ° ^ - p i P o z + p o g i ~ V *  1^ , (5.72)
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the induction equation (Eq. 1.16)
^  =  V x  (v i x P o z )  , (5.73)
the equation of self-gravitation (Eq. 1.17)
V ■ g i =  -A ir G p i , (5.74)
and the two wave equations (Eqs 5.66 and 5.67)
+  V ' (vgo P i) -b V • (vgj Po) =  -F o f i  +  -b 5 — (5.75)
oi z pq Po
and
-b V • (vgo £i) -b V • (vgi £q) =  - F qP i 4— ‘ (5.76)
W ithin the wave propagation equations the density dependent damping rate
F =
\/(Po +  Pi)/po(0) 
(see Eq. 2.34) has been expanded and linearised to give
where Fq =  k;/Vpo/po(0); and the source function (Eq. 5.38)
c  _  ,T,^ o (0 )^ ^ o (0 ) / po +  P i V
j? I  po(o) ;
has given a perturbed component of
B  V P o(O )/ Po Po 
Fourier analysing these perturbed equations (Eqs 5.71 -  5.76) according to
£1 =  6 ( z )  e * M - k .r ^ )
for example, where r j. =  (a;,y), cu is the frequency and k  is the wavenumber of the 
perturbations, leaves
iojp -  ipo (k • v i )  -b — =  0 , (5.77)
(wB =  Po X +  ^  ÿ  +  3 (k - vj_) z j  (5.78)
and
^  =  « (k  ■ g x )  -  4irGp (5.79)
for the equations of continuity, induction and self-gravitation respectively, together with 
the equation of motion
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iujpQV — —(? Î/5 [kx X +  ÿ) +  ^  — —  pgo z +  pog
— ~  {kx^  + ky y )  + z j  -  (^-i  -  x  +  ÿ) +  -  —  z^ , (5.80)
and the wave equations
( k . B x )  +  A
dz ^/ppô  ̂ '  dz \ , / i I p ^  J
and
dz ^/ppd  ̂ J dz \y/pLpy^/p EJ
^ ë l A .  (  ^ — - V  F  -\-
2 dz ^poV A ^y  ° 2po
(5.82)
Eliminating the magnetic field B  (using Eq. 5.78) and choosing the axis so th a t the 
wavenumber becomes k  =  A;x yields, in component form, a set of seven equations: the 




and z-component of the equation of motion
— 0 (5.84)
where v\^ — Pg/pPo is the equilibrium Alfven speed, the equation of self-gravitation
-  k ^ i  =  4 # G p , (5.86)
where the gravity (g) has been w ritten in term s of the grav itational po tential ^  (see 
Eq. 5.14), and lastly, using the equilibrium results (Eqs 5.34 and 5.35), the two wave 
equations
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dF  1 dpo y s r 1 1 Po dpo\ .
and
\i;Ao ?i ;Ao/(^ \^Ao I^Ao/ 2podz
^  1 +  (5.88)
dz 2po dz 2p5 dz vaq w \ vaq va^J  2po dz
Note th a t Equation (5.84), which describes the velocity perturbation in the ^-direction 
(% ), has decoupled from the system of equations (see also Section 5.1.1). The remaining 
equations are w ritten in term s of the dimensionless height ( , perturbed velocities and 
Vz, grav itational po tential frequency w and wavenumber k (defined in Section 5.1.1); 
plus the perturbed mass and wave energy densities
5 -  i  -  —  F  -  —
^ ~ p o ( 0 )  ’ -  %(0) ' ^ -  %(0)
and the equilibrium quantities mass density po, wave energy densities £q and Pq, and 
grav ity go (as defined in Section 5.2.1). Hence the equations become
(( (Po^z)
=  2p o % - * w p ,  (5.89)
=  jdûkp +  — Lü^po'j Vx +  2pCjkpo^ +  p X û k ë , (5.90)
dC
dC
^  +  A y  =  - 2 V Ï T Â  gop -  jP o V z  -  2 p o y  , (5.91)
^  = p + P ^ ,  (5.92)
# - I I - ( t â t
+  ( tso  -  $ ^ r ^ )  § %  -  («V% w +  T ) È + ^ ^ f '  (5.93)
and
dë ëo dp £q dpo „ ~ A: „ 1 dpo
where the dimensionless param eters are (3 =  c^/^% (0) (Eq. 5.20), the magnetisation 
param eter A =  £o(0)/2po(0)P (Eq. 5.44), the damping param eter T  =  kP /u^o(0 ) 
(Eq. 5.43) and the source param eters $  and 7 (Eq. 5.38). This eighth-order system of 
equations, which describe the perturbations, will be examined in the remainder of this 
chapter in order to determine the stability of a wave pressure supported equilibrium.
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5 .2 .3  T h e  a sy m p to t ic  so lu tion
In accordance w ith the previous stability analysis (detailed in Section 5.1) it is possible 
to determine the asymptotic solution of the equations describing the perturbations
(Eqs 5.89 -  5.94) given th a t the equilibrium mass density diminishes as the height
above the central plane increases, i.e. p 0 as Ç ^  ±  oo (see F igure 5.4). To facilitate 
th is the equations are w ritten as a system of eight first-order differential equations for 
the variables
Vx 1 dVa: .PO _
yi =  7 “ , 72 =  - - 7 7 - , ys =  2 — , Y4 = pw u  aÇ w
7 ,  ~
75 =  ^  , 76 =  ^  , 7? =  f  , y a -  F
=  72 (5.95)
=  -  Pod’^ )  7 i  +  74 +  2 /3 k p o  ys +  j S X k y j  (5.96)
=  7 4 - P o ^ y i  (5.97)
and







=  A ^C74 — ATFo^yi — ys “ 2po76 — 2 ^ ”̂  77 +  ABysJ (5.98)
^  =  ye (5.99)
^  =  y4 +  P y s  (5.100)
^  =  A Y3 -  Dv4 -  4 y e  +  y% -  Byg^ (5.101)
B =  cD +  T  
Xsq dpo
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L =  Tso 
Fo dpo
7+5-
^ p r h i + 2 i )2pl  «!( 2
Note th a t Equations (5.91), (5.93) and (5.94) have been transformed to give one differ­
ential equation for each of the dimensionless variables, mass density p (y^), to ta l wave 
energy density ê (y?) and the difference in the wave energy densities of the positively 
and negatively propagating waves F  (yg).
As the height (  — d: oo the equilibrium solution (see C hapter 2, Section 2.4.2) 
shows th a t the mass density po 0, the wave energy densities £o) -Ëq 0 and the 
gravity go ±1. In th is asymptotic limit Equations (5.95) -  (5.102) can be w ritten in 
m atrix form as
/ 7 i  ^ /  0 1 0 0 0 0 0 0
72 P 0 0 0 0 (3Xk 0
73 0 0 0 1 0 0 0 0
74 0 0
xgP
0 AC 0 0 AARg2 AAB
75 0 0 0 0 0 1 0 0
76 0 0 0 1 p 0 0 0
77 0 0
A ^ R ,
2/3 -A D 0 0
ARs
2 -A B
7s / V 0 0 Aw^R,20 X 0 0 -y w
where the elements in the m atrix are




y XA.R2 R 3 +  B ,







X R 1 R 2
2
R 1 R 2
-  2 V I  +  Ago







\  78 /
(5.103)
go
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L =  0
u  = ? ^ .
2
The three ratios, which are defined to be R i  — £o/po, R 2  =  {1/po) dpof dÇ and
Rz  =  Ëo/jôo, have been discussed in Section 5.2.1. Following the discussion in Sec­
tion 5.1.2, Equation (5.103) has the solution
— for i =  1, 2 , . .  . ,8
(Eq. 5.29), where Q  are the scaling coefficients, Ki are the eigenvalues of the square
m atrix and U{ are the corresponding eigenvectors.
The eigenvalues are determined by the usual method to be
-j-^, 4 -^ , ~ k ,  — k
and the roots of the quartic equation
-t- (%iÂ  -f- GgA  ̂"T G3A -f G4 =  0 , (5.104)
where the coefficients are
(Zi =  -A C  -  ~  -  W
,3  =  A . ( B c y - 5 i p i  +  S _ A B D y
+
and
XBR ,  - R 2 -
2/3/ ,9
By substituting in the expressions for A, B, etc. and using the results found in Sec­
tion 5.2.1 for the ratios R 2  (Eq. 5.54) and R-  ̂ (Eq. 5.53) the coefficients of the quartic 
equation reduce to
2 {XTRi  4- 2VT+~X -)- 2T )
Gi =  ±-
G2 =
2 -j- XRi
2 ( 4 ï V r T Â  +  wV/5)
2 T  AjKi 
_  , 4Tw^ 
/3(2+AÆi)
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and
#4 =  0
at C - 4- ± 0 0  respectively. Thus, as as can clearly be seen from the quartic equa­
tion (Eq. 5.104), the fifth eigenvalue is simply A =  0. The remaining cubic equation 
factorises to give
(A +  2T) ([2 +  A jZi] A  ̂±  4 \ / ï ± Â  A +  2w^/;8)
^ (5.105)
at C —4 +  CO which implies the sixth eigenvalue is A =  ~2T , and 
(2T — A) f [2 ±  Aüi] A^ — 4a/1 +  A A ±  2w^ //?')
---------------- -------------T P m ------------------------- - =  °
a t C — 00 giving the eigenvalue A =  + 2T. The final two eigenvalues are the roo ts of 
the quadratic equation, which is given by the expression (at - 4- ±  oo)
Descartes’ sign rule states th a t the to ta l number of positive roo ts of a polynomial 
equation of order n,
CLq X ^  ±  C l iX ^   ̂ +  . . . +  Ctn—1 ^  ±  #n =  0 ,
can be determined by counting the number of sign changes in the sequence of coefficients 
#0, 01, . .  . , #n*  If all of the roots of the equation are real then the number of positive 
roots is equal to the number of sign changes; otherwise, the number of roots is an even 
number less than this (Bronstein k  Semendjajew 1981). By exam ining the coefficients 
of the quadratic equation (Eq. 5.107), while noting th a t the ratio E i >  0 (Eq. 5.57 and 
Figure 5.4) and th a t the frequency < 0 for the unstable regime, it can be seen th a t 
there is one sign change a t bo th (  -4- ± o o  and (  —» -  oo. Thus, in either case, the 
solution of the quadratic will yield one positive eigenvalue (denoted by A+) and one 
negative eigenvalue (denoted by A_). (Note that, in this case, the same result can be 
obtained by observing th a t the final term  in the quadratic is negative.)
In summary, the eight eigenvalues of the asymptotic m atrix in Equation (5.103) are
-\-k, ~k^ ~k^ 0, —2T, A4., A_
at large heights above the central plane ((  -4  ±  00), and
±fc, ~ k ,  —fc, 0, ± 2 T , A4., A—
at large heights below the central plane ((" -4- —00).
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5 .2 .4  B o u n d ary  con d it ion s  and th e  num erical m e th o d
The boundary conditions
y% - 4. 0 as (  -4- ± 0 0
for i =  1 ,2 , . . . ,  8, are used to solve the set of equations which describe the pertu rbations 
(Eqs 5.95 -  5.102). Following the discussion given in Section 5.1.3 of th is chapter, 
these boundary conditions are satisfied by choosing the decaying asym pto tic solution 
(Eq. 5.29). Specifically, the negative eigenvalues (—Â, —2T and A_) a t (  —4 +  00
and the positive eigenvalues (+^, +k,  + 2 T  and A+) at (  —4 — 00 , together with their 
associated eigenvectors (which are detailed in Appendix C ), yield a to ta l of eight scaling 
coefficients which correspond to the eighth-order system of pertu rbation equations. By 
normalising seven of these coefficients with respect to the eighth, Equations (5.95) 
-  (5.102) can be solved numerically only for particular values of thus giving the 
dispersion relation û(k)  (see Section 5.1.3 for more details).
As in Section 5.1.3, the numerical technique used to solve the equations (Eqs 5.95 -
5.102) is the relaxation method (Press et al. 1992). If there are only a small number of 
waves supporting the equilibrium the magnetisation param eter takes a value of A < 1. 
In this case the outer boundaries are taken a t heights of =  ±20. For higher values of A 
the boundaries are necessarily moved outwards to values up to C =  ±50, to allow for the 
increased level of support in the equilibrium gas layer. A t such heights the equilibrium 
mass density has certainly fallen to insignificant levels and the three equilibrium ratios 
have reached constant values. Once again, the square of the frequency is introduced as 
an additional variable, yg say, and thus the particu lar value of is found as pa rt of the 
numerical solution (see Section 5.1.3 for details). Note th a t the equilibrium solution, 
which is required to solve the equations describing the perturbations (see Eqs 5.95 -
5.102), cannot be found analytically and so is determined using a standard  numerical 
technique for solving ordinary differential equations.
5.2 .5  R esu lts
By solving the perturbed equations (Eqs 5.95 -  5.102), for given values of the plasma 
beta (/3), the magnetisation param eter (A), the damping param eter (T) and the source 
param eters (4̂  and 7 ), a dispersion curve is obtained and hence the stability of the 
equilibrium can be ascertained. However, the numerical solution of these equations 
proves to be very difficult and the results presented in this section are the best th a t could 
be obtained using conventional numerical techniques (Press et al. 1992). Specifically, 
these preliminary results were found using the relaxation method (see Section 5.2.4).
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F igure 5.5: Partial dispersion curves for an isothermal gas slab which is being supported 
by short-wavelength Alfvén waves. The curves are plotted for increasing values of the 
m agnetisation param eter A (see Eq. 5.44), together with a plasma beta  /3 =  2 , damping 
T  =  0.5 and power-law index 7  =  3 . The dashed curve, reproduced from Figure 5.2, 
represents the case when there are no waves in the equilibrium.
Figure 5.5 shows some partial dispersion curves for an isothermal gas slab which 
is in equilibrium between the gas pressure, an Alfvén wave pressure force and its self­
gravity. The curves are plo tted for successive values of the magnetisation param eter 
(Eq. 5.44), from A =  0 (dashed curve) to A =  0.2, which represents a gradual increase 
in the number of short-wavelength Alfvén waves supporting the equilibrium. It can be 
observed from Figure 5.5 th a t the critical wavenumber (that for which =  0) decreases 
as A is increased, and th a t the form of the partial dispersion curves does not appear 
significantly different from th a t obtained when there are no waves in the equilibrium 
(A =  0). If this is indeed the case then these partial dispersion curves show th a t 
increasing the amount of Alfvén wave support in the equilibrium has a stabilising effect 
on the isothermal gas layer. The values of the parameter A for which the results are 
obtained do in fact provide very little additional support to the equilibrium gas layer. 
Values of A =  10 and upwards have been shown to be needed (Chapter 2, Table 2.3) in 
order to provide some significant support against the self-gravity. However, the curves 
p lo tted in Figure 5.5 suggest th a t increasing the param eter A may actually help to 
stabilise the model cloud.
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F igure 5.6: The square of the frequency (w^) plotted against the magnetisation param ­
eter X for wavenumber k  =  0.4, damping T  =  0.5 and power-law index 7 =  3 . The 
dimensionless param eter (3 is the ratio between the sound speed and the equilibrium 
Alfvén velocity a t the central plane ((  =  0) (see Eq. 5.20).
The results p lo tted in Figure 5.6 show the variation of the frequency w ith the 
param eter A for a particu lar wavenumber {k =  0.4), and various values of the dimen­
sionless param eter /? (Eq. 5.20). Decreasing values of j3 suggest th a t the magnetic field 
is becoming more im portant in the cloud dynamics. In the previous stability analysis 
(discussed in Section 5.1) it was observed th a t increasing the relative strength of the 
magnetic field had a stabilising effect on the gas layer. Such a result is again indicated 
by the curves in F igure 5.6. Following the evolution of these curves with increasing A 
shows, as in Figure 5.5, th a t higher values of the magnetisation param eter significantly 
reduce the magnitude of the wave frequency, suggesting th a t increasing the number 
of waves in the equilibrium stabilises the model cloud. Indeed, following the /3 =  2.0 
curve in Figure 5.6 shows th a t this particu lar case becomes stab le for A > 0.52 (to the 
accuracy of the numerics).
All of the curves shown in Figures 5.5 and 5.6 are plotted for a damping param eter 
of T  =  0.5 and source param eter 7  =  8 . The second source param eter Ÿ is determined 
as part of the equilibrium solution (see Chapter 2 , Section 2.4.1). The numerical 
results obtained suggest th a t a slight change in the damping appears to have very little 
infiuence on the value of the wave frequency. Note th a t Figures 5.5 and 5.6 both present
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the m inimum value of the square of the frequency (w^) for a given set of param eters.
The preliminary results presented in this section give an insight into the stability 
of an Alfvén-wave-pressure-supported equilibrium. W hilst showing th a t the model 
can indeed become unstable, they indicate th a t both enhancing the significance of the 
equilibrium magnetic field (by decreasing the param eter (3) and increasing the am ount of 
wave support (by increasing the param eter A) act to stabilise the cloud. This is certainly 
the case for the specific param eter sets depicted in both Figure 5.5 and Figure 5.6. An 
equilibrium is subject to a grav itational instability when the grav itational forces cause 
a small disturbance to grow exponentially, resulting in regions of bo th increasing and 
decreasing mass density. In regions where the mass density is increasing, grav itational 
condensations begin to form. As these condensations form the magnetic field lines are 
dragged along w ith the density (as the magnetic field cannot remain unperturbed — see 
Section 5.1.4 and Appendix B) and thus the Alfvén waves, which propagate along the 
field lines, are able to provide some support against the grav itational forces. If the wave 
support is sufficient then the condensations will not continue to grow exponentially and 
thus the presence of the Alfvén waves in the system can act to stabilise the cloud.
5.3 D iscussion
The work presented in this chapter has considered the stability of two models which 
depict the equilibrium of an isothermal gas layer. The first of these models has a 
uniform magnetic field running perpendicular to the sheet, which is itself in equilibrium 
between the gas pressure and self-gravity. The key factor in determining the dispersion 
curves of this equilibrium is the ratio between the sound speed and the equilibrium 
Alfvén velocity at the central plane {(3 =  As this ratio is reduced and hence
the magnetic field becomes increasingly im portant, the stability of the cloud improves. 
This trend continues until the magnetic and gas pressures are equal (the Alfvén speed 
is twice the sound speed, p = 0.5), a t which point the model gas layer is stable for all 
values of the wavenumber. Such a result agrees with th a t proposed by Nakano (1988). 
Observational values of the sound and Alfvén speeds, which give a typical value of 
P =  10~^, strengthen the case for the stability of these equilibria.
Earlier chapters have been concerned w ith the role of Alfvén waves in low-mass 
star-forming regions, in particu lar the degree of support they can offer against self­
gravity. Therefore, the second model under consideration in th is chapter is th a t of a gas 
layer in equilibrium between its self-gravity, gas pressure and an Alfvén wave pressure 
force. The short-wavelength Alfvén waves (the WKB approximation) are generated
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th roughou t the cloud, according to a density-dependent source function. Numerical 
difficulties prevented a thorough analysis of the stability of such an equilibria bu t the 
preliminary results obtained offer a useful insight into the problem. The results leave no 
doub t th a t  the isothermal gas layer can become unstable. However, as in the previous 
analysis, the stability of the model cloud appears to improve as the magnetic field 
becomes more dom inant in the cloud dynam ics. The influence of the Alfvén waves 
on the stability of the slab is also suggested by the preliminary results. They show 
th a t slightly improving the wave support (increasing the value of the magnetisation 
param eter A) appears to have a stabilising effect on the cloud. A lthough the results 
obtained from this analysis are limited they do provide clues to the stability which are 
favourable for models of an Alfvén-wave-pressure-supported equilibrium.
In general, the stability analyses conducted within this chapter show th a t the 
presence of a magnetic field w ithin such equilibria has a stabilising effect on the model. 
This fact encourages continued consideration of the role of magnetic fields in low-mass 






6.1 A  sum m ary o f th e  m ain results
The work presented throughou t this thesis has considered the role of Alfvén waves in 
low-mass star-forming regions, in particu lar the ability of these waves to help support 
a grav itationally bound molecular cloud. Previous work has shown th a t a molecular 
cloud can be supported against its self-gravity, in the direction perpendicular to the 
ordered magnetic field, by the Lorentz force (e.g. Mouschovias & Spitzer 1976). It is 
proposed th a t in the direction parallel to the magnetic field a low-mass star-forming 
region is supported by an Alfvén wave pressure force.
In C hapter 2 a one-dimensional, self-consistent, analytical model was formulated to 
exam ine the support provided by short-wavelength Alfvén waves; those waves whose 
wavelength is short in comparison with the length-scale of the non-uniform medium in 
which they propagate, i.e. the W KB approximation. The damping of these waves was 
by the linear process of ion-neutral friction, as it was for each of the models presented 
in th is thesis. As a first approximation the Alfvén waves were assumed to originate in 
a central, source plane. This model enabled an analytical solution of the equilibrium 
mass density profile to be found in the absence of damping, and clearly dem onstrated 
th a t the damping of the waves was not a prerequisite for support of the cloud. Indeed, it 
was found th a t if the damping was too strong then the wave support was substantially 
reduced. This é-function distribution of sources also resulted in an increase in the mass 
density away from the central plane, which was enhanced for larger values of the wave
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amplitude and strong damping. These results agree qualitatively w ith those of Fatuzzo 
& Adams (1993) who considered the waves as a perturbation to a therm ally supported 
equilibrium. The density enhancement was shown in the latter part of Chapter 2 to be 
a consequence of a 6-function source distribution. If the sources of the Alfvén waves 
are d istribu ted in height according to a density-dependent source function then there 
is no increase in mass density away from the central plane. In addition, increasing 
the strength of the damping no longer imposes an upper limit on the thickness of the 
gas layer, rather stronger values of the damping continue to enhance the Alfvén wave 
pressure force and increase the extent of the layer.
Having successfully dem onstrated the viability of short-wavelength Alfvén wave sup­
port, the work in C hapter 4 considered the equilibrium of a one-dimensional gas slab 
in the presence of long-wavelength Alfvén waves. By noting the physical properties of 
the Alfvén waves able to offer support to a low-mass star-forming region, as discussed 
in C hapter 1 (Section 1.4), it can be seen th a t the wavelength of these waves, being 
0.1 -  1 pc, is comparable to the typical length-scale of such a region. Thus, although 
the W KB approximation offered an excellent first approach to the problem, it was nec­
essary to consider the self-consistent model in the absence of this approximation. As in 
C hapter 2 an equilibrium was initially constructed for a 6-function d istribu tion of wave 
sources. This model showed th a t removing the WKB approximation introduces some 
sub-structure into the profiles of mass density. By analysing the param eter space the 
following results were obtained. Firstly, if the equilibrium contains very low-amplitude, 
long-wavelength Alfvén waves then the gas layer is separated into a number of distinct 
subsheets, which are held against the self-gravity of the layer by the jum p in Alfvén 
wave pressure across the sheet. Each of these subsheets is itself in equilibrium between 
its internal gas pressure and self-gravity, the waves having no influence on their indi­
vidual struc ture. Secondly, if the wavelength of the waves is reduced or the amplitude 
of the waves is increased, or both, then the model cloud can be described as displaying 
fine s truc tu re in its density distribution; it is no longer separated into distinct subsheets 
bu t is supported as a whole. In the absence of any damping the artefacts in density 
were shown to be directly proportional to the wavelength of the Alfvén wave supporting 
the cloud.
O ther aspects of th is non-WKB model correlated with those discussed in C hapter 2 
for short-wavelength Alfvén wave support. The inclusion of damping, which was taken 
to be constant in Chapter 4, increases the amount of mass in the central subsheets 
and therefore increases the thickness of the layer. Specifically, it reduces the ability 
of long-wavelength waves to be able to support subsheets far from the central plane
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and thus enhances the amount of mass in the central regions. Strong values of the 
damping were also found to cause a general increase in mass density away from the 
central plane; once again this bump in mass density was shown to be accentuated by 
the 6-function source d istribution. It had been shown in Chapter 1 th a t the Alfvén 
waves can be generated by the orbital motions of large-scale condensations of molecular 
gas, and as such the source function included within the non-WKB model was chosen 
to be completely coherent. By allowing all points within the model to act as a source 
of waves the support of the individual subsheets — generated by very low-amplitude, 
long-wavelength Alfvén waves — was slightly enhanced.
Quantitatively the results of the models constructed in Chapters 2 and 4 show 
th a t bo th short-wavelength and long-wavelength Alfvén waves can provide support for 
a low-mass star-forming region parallel to the magnetic field. Observations of these 
molecular clouds show th a t the fluid velocities are u ~  1 -  3 k m s“  ̂ (Myers 1987; 
Myers & Goodman 1988) and determine the Alfvén velocity to be va ~  4.5 k m s“ .̂ 
Now the amplitude of the Alfvén wave (6) relative to the uniform magnetic field (Bq) is 
b/Bo  — v / va and thus can take values of b/Bo ^  0.2 -  0.7. In term s of the magnetisation 
param eter (A), which is applicable to the short-wavelength model (Chapter 2), these 
values give A 5 -  35 which correspond to model cloud thicknesses of ~  1 -  4 pc. As 
the fluid velocity approaches the Alfvén value the param eter A ~  80 and the thickness 
of the gas layer increases to ~  10 pc for a typical value of the damping. For the long- 
wavelength model a wave amplitude of b/Bo 0.2 can give a cloud thickness of 4pc, 
while for velocities comparable to the Alfvén value (b/Bo ~  1) the thickness increases 
to ~  10 pc once again. Low-mass star-forming regions are observed to have sizes of 
a few to ten parsecs. Thus, the equilibrium models describing short-wavelength and 
large-amplitude, long-wavelength support give model cloud thicknesses which are in 
excellent agreement w ith the observational values.
The support offered by large-amplitude, long-wavelength Alfvén waves is partic­
ularly encouraging when viewed together with other results determined for low-mass 
star-forming regions. In Chapter 1 it was dem onstrated th a t long-wavelength Alfvén 
waves can provide pressure support to the whole cloud, as they allow very good cou­
pling between the neutral and charged constituents of the molecular gas. Zweibel & 
Josafatsson (1983) concluded th a t these long-wavelength Alfvén waves, propagating 
parallel to the magnetic field, are the longest lived wave modes in a molecular cloud. 
In addition, Mouschovias & Psaltis (1995) formulated a line-width-size relation for 
large-amplitude, long-wavelength Alfvén waves which agrees well with the empirically 
determined observational result.
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The o ther aspects of Alfvén wave support considered in the remaining chapters 
involve the contribution of any heating by the waves to the therm al equilibrium, and 
the stability of the model clouds. Chapter 3 established a simple model to describe 
the heating and cooling mechanisms dominant in a low-mass star-forming region: the 
cooling of a number of molecular species and ionized carbon, together with the heating 
due to cosmic rays and the Alfvén waves supporting the cloud. This tem perature- 
dependent model showed th a t the heating attribu ted  to the Alfvén wave pressure can 
play an im portant role in determining the tem perature of these clouds. If the wave 
heating is neglected then the model clouds have an almost constant tem peratu re of 
~  7K. However, including the heating by the waves gives tem peratures in the centre of 
the cloud of ~  10 -  20 K which increase to typically ~  25 -  35 K a t the edge of the gas 
layer. This leads to the conclusion th a t a molecular cloud supported against its self­
gravity by an Alfvén wave pressure, will be ho tter at its ou ter edge than in the central 
regions by a factor of approximately two; in qualitative agreement w ith the work of 
McKee & Zweibel (1995). The tem perature-dependent model showed th a t the am ount 
of wave heating consistent w ith wave support does not generate cloud tem peratu res th a t 
strongly disagree w ith the observational values, which is an im portant consideration 
when investigating the role of Alfvén waves in a low-mass star-forming region.
Finally, Chapter 5 addressed the question of the stability of two one-dimensional 
models representing the equilibria of a low-mass star-forming region. The first of these 
models considered a gas slab, supported solely by the gas pressure, containing a uniform 
magnetic field in the direction perpendicular to the slab. The dispersion curves for 
th is equilibrium showed th a t once the Alfvén speed becomes equal to twice the sound 
speed (the magnetic and gas pressures become equal) the model clouds are completely 
stable. Such a result agrees with th a t of Nakano (1988). In analysing the stability 
of an equilibrium supported by short-wavelength Alfvén waves numerical difficulties 
precluded a complete study of the problem, bu t nevertheless, the results obtained 
provided a useful insight into the stability. They suggest th a t, as for the previous 
equilibrium, the magnetic field has a stabilising effect on the model cloud. In addition, 
the partial dispersion curves obtained indicate th a t the Alfvén waves can also have a 
stabilising effect; these waves propagate along the magnetic field lines and as a result 
they are able to provide additional support where the condensations are forming and 
thus hinder the grav itational collapse.
Overall, this thesis has considered the idea of supporting molecular clouds using 
Alfvén waves, previously introduced by Fatuzzo & Adams (1993) and McKee & Zweibel 
(1995) for example, more quantitatively by constructing self-consistent models, bo th in
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a  mechanical and therm al sense, and discussing their stability. These models success­
fully describe a low-mass star-forming region in equilibrium between its self-gravity, gas 
pressure and an Alfvén wave pressure force, and estimate the am ount of support both 
short-wavelength and long-wavelength Alfvén waves can provide. The model included 
a consideration of the therm al equilibrium in a molecular cloud and found th a t the 
heating generated by the waves canno t be neglected. Following on from the purely 
numerical work of Camm ie & Ostriker (1996) the role of long-wavelength waves is con­
sidered from an analytical approach, and it is confirmed th a t these waves can support a 
cloud if the wave amplitude takes values in the range implied by the observations. This 
thesis has also given a first consideration to the stability of an equilibrium supported 
by short-wavelength Alfvén waves. In summary, this work has dem onstrated the vi­
ability of an Alfvén wave pressure supporting a low-mass star-forming region. It has 
constructed self-consistent equilibrium models which give results for the dimensions of 
these clouds in good agreement with the observations, and lays the foundations for the 
further theoretical consideration of Alfvén waves in low-mass star-forming regions.
6.2 Further possib le avenues o f in vestigation
In th is section several possible extensions to the work discussed in th is thesis are briefly 
outlined. As an immediate extension to the stability analysis reported in Chapter 5 
a more robust numerical code could be developed to solve the equations describing 
the perturbations and hence help construct a fuller picture of the stability of a low- 
mass star-forming region supported by short-wavelength Alfvén waves. It would also 
be interesting to study the stability of a cloud supported by long-wavelength Alfvén 
waves as this may introduce new features into the results found thus far.
Given the conclusion reached in Chapter 3 — th a t the heating attribu ted  to the 
wave support can play an im portant role in the therm al equilibrium of molecular clouds 
— it would be interesting to develop a more detailed picture of the chemical processes 
which contribu te to the heating and cooling. This would produce models th a t would be 
sophisticated enough to compare w ith observations, although improvements in other 
aspects of the models, such as the distribution of wave sources or the  cloud geometry, 
would be equally desirable in this respect.
The most im portant simplification adopted in the work carried ou t thus far is the 
adoption of a one-dimensional gas slab to describe the molecular cloud. Expanding the 
models to two or three dimensions is im portant in developing a more complete picture 
of the support provided to a molecular cloud by the magnetic field and the waves it
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supports. However, such generalisations will undoubtedly require a more numerical 
than  analytical approach.
An additional improvement would be to trea t the problem using the two-fluid mag- 
netohydrodynam ic equations for the neutrals and the plasma, which would allow a 
more detailed description of the coupling between the ions and neutrals (ion-neutral 
d rag). This would dem onstrate the efficiency of the ion-neutral drag as the wavelength 
of the Alfvén wave is varied; as well as the dissipation of the waves by the ion-neutral 
friction. These though ts represent only a fraction of the many ways in which models 
of Alfvén wave support in a low-mass star-forming region can be further developed in 
the future.
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Appendix A
T he W K B  approxim ation
The W KB approximation^ (Wentzel, K ramers and Brillouin) is an asym pto tic m ethod 
for solving differential equations which contain a large param eter. In the specific case of 
a wave equation th is method can be applied when the non-uniform medium is varying 
on a length-scale which is much greater than the wavelength of the waves propagating
w ithin the medium. Consider a wave equation of the form
e^y” = ~ Q { x ) y , (A .l)
where c is a small number and ' indicates a derivative w ith respect to x. Using the
WKB approximation, the general solution of this equation is given by
B
exp
where B  and C  are the integration constants. i
Proof: Take y to be of the form
!
y =  exp | ±  i -f-/ i ( æ ) -f . • j  (A.3) j
and substitu te into Equation (A .l) to give ;
,.̂ 2 l ' Æ M +  / « + . . . ( A. 4)  I
which, by discarding the insignificant term s, can be w ritten as
- Q { x )  ^ - f ' o ^ i x )  ~ 2 e f o { x ) f [ { x ) ±  k fo { x )  . (A.5) ;
Equating the coefficients of the linear term s !
f o { x ) - ± J  'sJ q [u) du ,  (A.6) I
^Also known as the W KBJ approximation (Wentzel, Kramers, Brillouin and Jeffreys).
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and the first-order term s
gives the solution
Q(xYI*  V €
which, in a general form, is th a t described by Equation (A.2)
W ithin the solution (Eq, A.2) the term  is slowly varying compared to the
exponential term  (given th a t e is a small number) and thus varies on the length-scale 
of the medium, while the term  varies as the wavelength of the waves propagating
w ithin the non-uniform medium.
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Appendix B
N o m agnetic field perturbation  
in Equations (5.2) — (5.5)
In th is appendix the stability of an isothermal gas slab, with a uniform magnetic field 
lying perpendicular to it, is considered in the absence of a magnetic field perturbation. 
In the case of a gas sheet containing a parallel magnetic field such a simplification 
leads to an analytic solution for the dispersion relation (Fleischer 1996; Fleischer & 
Schindler 1996).
If the magnetic field remains unperturbed (i.e. B i =  0) the linearised differential 
equations (Eqs 5.2 -  5.5) are: the mass continuity equation
- ^  +  V-(/?oVi) =  0 , (B .l)
the equation of motion
the induction equation
/̂ o Vpi — pi(7oz +  p o g i, (B.2)
0 =  V X (v i X jBo z) (B.3)
and the equation of self-gravitation
V • g i =  -A ir G p i , (B.4)
where the equilibrium quantities are denoted by a subscript 0 and the perturbed quan­
tities by a subscript 1. Following the same procedure as described in Chapter 5 — 
Fourier analysing these equations in time and space, according to
P i  =  p { z )
for example, where r j. =  (z, y), w is the frequency and k is the wavenumber, and 
choosing the z-axis such th a t the wavenumber k  =  x  — the perturbed equations can
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be w ritten as
iup  -  ipokva; 4- -  =  0 , (B.5)
iojpQ-v =  -c^  ^  z l  -  pgoz + pog (B.6)
and
^  X +  ^  ÿ -1-i/üûa; z =  0 (B.7)
given th a t the equilibrium magnetic field Bq ^  0, plus
^  =  ikĝ i; -  47tG/5 . (B.8)
The z-component of the Fourier-analysed induction equation (Eq, B.7) clearly shows 
th a t
Ûa; =  0
as A; ÿé 0 generally, and thus the z-component of Equation (B.6) becomes
0 = c^pF  po i  (B.9)
given th a t g — {ik^,  0, —d^/dz )  (Eq. 5.14). In addition the y-component of the equa­
tion of motion (Eq. B.6) sta tes th a t
Ûy =  0
while the z-component becomes
iujv^ = - c ^  ~  1 ^  , (B.IO)
dz kpo / dz
as the equilibrium gravity can be expressed in terms of the mass density through
go — {—c^/po)dpo/dz.  Substituting Equation (B.9) into Equation (B.IO) shows th a t
the perturbed velocity in the z-direction is also
V z ~ 0
and hence p — 0 (from Equation (B.5)) and finally <̂ =  0 (from Equation (B.9)).
These results show th a t in the absence of a magnetic field pertu rbation the velocity,
mass density and grav itational po tential perturbations are all also equal to zero. Thus 
if B i =  0 it is not possible to generate any gravitational instabilities within the gas 
sheet.
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Appendix C
T he detailed boundary conditions 
for Equations (5.95) — (5.102)
When considering the stability of an equilibrium, which is supported by a WKB Alfvén 
wave pressure force, the equations which describe the perturbations (Eqs 5.95 -  5.102) 
are solved subject to the boundary conditions
Vi 0 as C ±  oo (C .l)
for i = 1,2, . . . , 8 , where ŷ  are the perturbed variables (defined in C hapter 5, Sec­
tion 5.2.3) and (  is the height above the central plane. These boundary conditions are 
expressed in term s of the asymptotic solution of Equations (5.95) -  (5.102), which is 
given by
Yi eAiC for i =  1 , 2 , . . . ,
where Q  are the scaling coefficients, Ai are the decaying eigenvalues and u, are the 
associated eigenvectors of the m atrix
\/ 0 1 0 0 0 0 0 0
P 0 0 0 0 pXk 0
0 0 0 1 0 0 0 0
0 0 Aû>20 AC 0 0
AAi?2
2 AAB
0 0 0 0 0 1 0 0
0 0 0 1 p 0 0 0
0 0 A ü ^ R ^2(3 -A D 0 0 ARi2 -A B
V 0 0 2(3 X 0 0 - Y W /
(see Eq. 5.103), where A, B, C, D, W ,  X  and Y  are defined in C hapter 5, Section 5.2.3.
As the height above the central plane increases to large positive values ({ —j- -{- oo) 
the boundary conditions (Eq. C .l) are satisfied by choosing the negative eigenvalues,
A p p e n d i x  C 
which are found to be
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■ky —ky ~2X , A.
where k is the wavenumber, T  is the damping param eter, A_ is the negative roo t of 
the quadratic equation
^2 4 V Ï + Â A +
2w•~,2
0 , (C.2)2 XRi (2 -j- ABi)
Cj  is the wave frequency, A is the magnetisation param eter, P is the plasma beta and 
R i  is the ratio between the equilibrium quantities: to tal wave energy density and mass 
density (see Chapter 5, Section 5.2.1). Conversely, a t (  —> — oo the chosen eigenvalues 
are
Fky + 2 T , A_|_ 
where A+ is the positive roo t of the quadratic equation
2w^
A'
4V T + Â
A + =  0
2 4“ XR\  /5 (2 4~ XR\)
Thus the boundary conditions a t (  — 4- oo (( =  (max) are given by
(C.3)
/  yi \ (  ̂ ^ (  ^ \
n - k 0
73 0 0
74 =  C i
0 Q-hmax 0
75 0 1
76 0 - k
77 0 0
\  78 / \ 0 J \  0 /
4" C3
/ ti \
- 2 r t i






and those a t (  ^  -  00 ((  =  Cmm) are
4“ C 4
\u





R iA ^ t ^
\  R iA ^ t ^  J
(C.4)
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 ̂ y i  ^ /  n /  0 ^
72 k 0
73 0 0




\  78 / I  0 ) I  0 /
+  D3










^ h  J V —B iA + b )
where C i, C2, C3, C4, Z>i, Z?2, and B 4 are the eight scaling coefficients which 
correspond to the eight equations describing the perturbations (Eqs 5.95 -  5.102) and 
the term s in the eigenvectors are given by
t i ~  p \ k  ^ 4 T \/l  +  A — ^
2̂ =  4T^ — kP ,
+  4T [ t  -  V l +  A ( 2 ,
==■ pk  Aq: (2 +  XRi) ;
and
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The most beautiful thing we can experience is the mysterious. It  is the source 
of all true art and science. He to whom this emotion is a stranger, who can 
no longer pause to wonder and stand rapt in awe, is as good as dead: his 
eyes are closed.
Albert Einstein
